COHOMOLOGY OF THE HILBERT SCHEME OF POINTS ON A SURFACE WITH 
VALUES IN REPRESENTATIONS OF TAUTOLOGICAL BUNDLES 



LUCA SCALA 



Abstract. Let X a smooth quasi-projective algebraic surface, L a line bundle on X. Let X^"' the 
Hilbert scheme of n points on X and L^"! the tautological bundle on naturally associated to 

the line bundle L on X. We explicitely compute the image $(L["1) of the tautological bundle L^"' 
for the Bridgeland-King-Reid equivalence ^ : D''(jf["l) Dg (^") in terms of a complex C* of &„- 
equivariant sheaves in Dg (^")- We give, moreover, a characterization of the image 
in terms of of the hyperderived spectral sequence E^''' associated to the derived fc-fold tensor power 
of the complex C* . The study of the Sn-invariants of this spectral sequence allows to get the derived 
direct images of the double tensor power and of the general fc-fold exterior power of the tautological 
bundle for the Hilbert-Chow morphism, providing Danila-Brion-type formulas in these two cases. This 
yields easily the computation of the cohomology of with values in L'"1 (5D L'") and A'^L'"!. 

Introduction 

The aim of this article is the study of tautological bundles and their tensor powers on Hilbert schemes 
of n points over a smooth quasi-projective algebraic surface X , with a particular interest in their 
cohomology. A tautological bundle L^"! is a rank n vector bundle on the Hilbert scheme X^"! built 
in a natural way starting from a line bundle L on the surface X; it arises as the image of L for the 

Fourier-Mukai functor : D''(X) ^ D''(X["1) with kernel the universal family S C XN x X 

of the Hilbert scheme. 

Tautological bundles have turned out being of fundamental importance for the investigation of the 
topology of the Hilbert scheme X^"!, in particular for the study of its Chern classes and its cohomology 
ring, as shown in ,2^ . |15| . Moreover the cohomology of the Hilbert scheme P2"' with values in symmetric 
powers of tautological bundles is closely related to Le Poticr's Strange Duality conjecture on the projective 
plane, as shown in [7], [S], [TU], [33]. 

Here we present a point of view inspired to the derived McKay correspondence and strongly influenced 
by the fundamental works of Bridgeland-King-Reid |3] and Haiman [19] , [20] . By Haiman's results [H] , 
the Hilbert scheme X^"! of n points on a surface can be identified with the Hilbert scheme Hilb®"(X") 
of 6„-orbits on X", in the sense of Nakamura [33], [H], For the action of a finite group G on a 

smooth quasi-projective algebraic variety M, the deep work by Bridgeland, King and Reid shows that 
the Nakamura G-Hilbert scheme Hilb'^(M) is the right scheme to consider in order to formulate and 
prove the derived McKay correspondence: under some hypothesis, the scheme Hilb'^(Af) turns out to 
be smooth and to provide a crepant resolution of the quotient M/G; furthermore, the Fourier-Mukai 
functor 

*iiib-(M)^M ■ D''(Hilb'^(Af)) — D^(M) 

between the bounded derived category of coherent sheaves on Hilb''(Af) and the bounded derived cat- 
egory of G-equivariant coherent sheaves on M, with kernel the universal family Z C Hilb'~^(Af) x M, is 
an equivalence. Haiman proved that the Bridgeland-King-Reid theorem can be applied in the case of 
the Hilbert scheme of points X^"!; consequently we get a Fourier-Mukai equivalence: 
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where the universal family Z above is identified here with Haiman's isospectral Hilbert scheme and 
where p and q denote the projections from B" to X" and X'"', respectively. 

It is natural to expect that the Fourier-Mukai equivalence $ is bound to give new insights on the 
Hilbert scheme X^"!, by translating any object in D^(X["1) - and therefore any coherent sheaf on X^"! - 
in an object of Dg (^"), that is, a hopefully simpler object in D''(X") together with an additional 
combinatorial structure, given by the action of the symmetric group &n- After the results by Bridgeland, 
King, Reid and Haiman, it is then natural, in order to understand objects on the Hilbert scheme X^"!, 
to compute their image by the Fourier-Mukai transform 

This is what we planned to perform for a tautological bundle L^"! and its tensor powers L^"! ® • • • (g) L^"! . 
The image *(LN (g) ••• (g) lN) of the general /c-fold tensor power of a tautological bundle for the 
Bridgeland-King-Reid transform can be expressed, making fundamental use of Haiman's difficult vanish- 
ing theorem [50]) in terms of a Fourier-Mukai functor D^(X'^) D^(X") whose kernel is the structural 

sheaf of the polygraph D{n, k) C X" x X'^. For k — 1 the existence of a nice S^-equivariant resolution 
of the structural sheaf of D{n, 1) allows us to obtain an explicit expression for the image 
for the Bridgeland-King-Reid transform; more precisely we defined an explicit Cech-type (S„-equivariant 
complex C' G De„ (^") ™ terms of the partial diagonals A/ of X": 

ieJ 

where 7^ /, J C {1, . . . , n} are multi-indexes, Lj denotes the pull-back of L for the projection A/ ~ 

A X A ~ X, a; denotes a local section of C£ and £ij is an adequate sign. One of the main 

result of this article is the proof that the image is quasi-isomorphic to the complex C^: 

(A) $(lW)^C2. 

By taking 6„-invariants in (A), there follows immediately the Brion-Danila formula for the derived direct 
images of the tautological bundle for the Hilbert-Chow morphism (see O proposition 6.1]). 

For the fc-fold tensor power of lN we succeed as well in characterizing the image 
the Bridgeland-King-Reid transform, but the information we get becomes less clear and combinatorially 
more and more involved as k grows up, reflecting the more and more complicated combinatorial structure 
of the polygraph D{n,k) and of its structural sheaf for high k. We start from the comparison of the 
image #(L["1 g) • • • g) il"!) with the derived tensor product ®^ • • • (g^ C' via a natural morphism a 
in D^^(A:"): 

(B) a:Cl(E)^ ■■■ (g)^ CI g) • ■ • (g L^"!) . 

A direct consequence of Haiman's vanishing theorem is that the mapping cone of the morphism a is 
acyclic in degree > 0, which means that $(^["1 g) ■ • • ® L^"!) is concentrated in degree 0, or, equivalently, 
that . .(giW)) = i?>,g*(L["]g). . .g)LN) ^ for alH > 0. In degree we get a surjection: 

since the sheaf p,,q*{L^^^ g) . . . g) L^"!) is torsion free, the kernel of the previous epimorphism turns out 
to be the torsion subsheaf. Consequently we obtain that the sheaf p,g*(L["l (g) . . . (g) L^"!) is isomorphic 
to the term E'^ of the S„-equivariant hyperderived spectral sequence 

Tor_,(Cl\...,Ci'=) 

iiH Hk=P 

associated to the derived tensor product ®^ ■ ■ ■ ®^ C^ and abutting to Tor_p„g(C2, . . . ,C*): this is 
the second main result of this article. Even though this characterization yields a theoretical answer to 
the problem, we face remarkable combinatorial difficulties when working out explicitely the term E^. 

The first idea in order to extract effective information from the 6„-equivariant spectral sequence 
E^'' is to take invariants for the 6„-action: we obtain in this way a far simpler spectral sequence of 
invariants on S"'X, whose term can be identified with the direct image /x* 
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of the fc-fold tensor power of tautological bundles for the Hilbert-Chow morphism fi : X^"! ^ S^X. 

This sequence provides useful information at least for the case k — 2, since it degenerates at level £2, as 
shown in [3T] , [32] • 

Here we simplify the argument looking at the restriction j*£f''^ of ff'' to the big open set S^^X, given 
by 0-cycles having at most a multiple point of multiplicity 2. For k — 2 the spectral sequence j*£f''^ 
becomes drastically simpler and degenerates at level j*£2, yielding the formula: j*R^,(L["1 ® L^"!) ~ 
(j*C' ® J*C' )®" on S"^X. A local cohomology argument for the complementary of S^^X in S"X allows 
us to extend it to all the symmetric variety, thus providing the Brion-Danila-type formula: 

(C) R/x,(l["1 ® lN) ^0 ^ (C° ® C°)®" (ci ® df- ^ . 

For higher k difficulties appear since nor ff'' nor its restriction j*£f''^ degenerates at level £2- 

The next step is to consider the fc-fold tensor power L^"! (X) • • • (g) L^"! as a 6fc-equivariant sheaf on 
X["l: the group 6^ here permutes the factors of the tensor product. This permutative 6fc-action can 
be extended to the fc-fold derived tensor product • • ■ (8)^ C' in such a way that the morphism a 

above (B) is Sfc-equivariant: the spectral sequence E^''' above inherits the Sfe-action and is therefore 
6n X 6fc-equivariant. If A is a partition of fc, we can then characterize the image ^(S'^L^^^) of any 
Schur functor S^L^"^ of L^"! for the transform $ as the Sfc-invariants {E^ (g) Vx)®'', where Vx is 
the irreducible representation of &k indexed by the partition A. Taking furthermore invariants by the 
geometric symmetric group S„ yields a characterization of the direct image of the Schur 

functor S^L^"^ for the Hilbert-Chow morphism as the 6„ x S^-invariants: 

We study in detail the case of the simpler Schur functor, that is, the fc-fold exterior power A'^L^"!; in this 
case we take A = A^ := (1, . . . , 1), so that Vx — Sk is the alternant representation of the symmetric group 
&k- Restricting everything to the open set S^^X the spectral sequence (j*ff (8>efc)®'' becomes treatable 
and it is easy to show that it degenerates at level £2- The degeneration yields on S'^^X the Brion-Danila 
type formula: j*R/x»(A''X["l) ~ j*(A''C* )®" . Since the complex j*(A''C')®" is quasi-isomorphic to the 
sheaf j*(A'^C°)®" and since A'^lI"! and A'^C£ are locally free, a local cohomology argument allows to get 
an answer on all the symmetric variety S^X: we prove that 

(D) RAi,(A'=L["l) ~ (A'^-C^)®" . 

We finally give an immediate application of the results obtained so far to the computation of the coho- 
mology of the Hilbert scheme with values in the double tensor power and the general fc-fold exterior power 
of tautological bundles. Making use of (C), we get the following exphcit formula for i7*(X["l , lN): 

where J is the ideal of classes in S"^^H*{Ox) vanishing on the scheme y + S^^'^X , for a fixed point 
y X. The formula gives an isomorphism of Z-graded modules and of 62-representations. Taking 
invariants and anti-invariants for the 62-action, we get analogous formulas for the double symmetric 
and exterior power, generalizing known formulas theorems 1.1-1.4] for all n. More generally, let 
A be a second line bundle on X and consider the determinant line bundle Va := ii*{A^" /&„) on the 
Hilbert scheme Xl"!. As a consequence of (C), we establish a long exact cohomology sequence for the 
cohomology of L^"! L^"! twisted by the determinant Va, generalizing TT, theorems 1.6 - 1.8] for all n: 

••• i7*(X["l,L["l ® 

H*{L(g>A)'»^ (g>S"-^H*{A) 

^ H*{L^' ® A^') ® S"-^H*{A) iJ*+i(x["l,Ll"l ••• . 

Finally, formula (D) implies immediately the isomorphism of Z-graded modules, for all < fc < n: 

i7*(x["l, A'^il"! ® Va) ^ K^H*{L ® A) ® S"--''H*{A) . 
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It can be thought as a generahzation of results [S] for all k. 

The article is organized as follows. After recalling some preliminary results in section [H in section [2] 
we prove the quasi- isomorphism (A) : #(Lt"l) ~ C* and we characterize the imag m 
terms of the hyperderived spectral sequence associated to the derived tensor product (X) • • • ®^ CJ. 

Taking invariants, in sections [3] and 3] we get Brion-Danila's formulas (C) and (D) for R/i:,(L["'l L^"!) 
and R/x*(A'^L["1), respectively. In section [5] we apply these results to the explicit computation of the 
cohomology of X^"! with values in L^"! i^"! and A^-'il"!. In order not to break the main line of the 
argument, we isolated in the appendixes some independent results and some technical propositions which 
are used throughout the main text. 

Acknowledgements. Most of the results presented here were obtained during my Ph.D. thesis [3T] 
at University Paris 7, under the direction of Prof. Joseph Le Potier, to whom I am deeply indebted: I 
will never forget his unvaluablc help, his force, encouragement and generosity, his beautiful ideas, his 
way of doing Mathematics. 

This work was completed during my stay at Max-Planck Institut fiir Mathematik in Bonn; I thank 
all the staff for the excellent working conditions. 

1. Preliminary material 

We will always work with varieties and schemes over C. Unless otherwise explicitely indicated, by 
point we will always mean a closed point. 

1.1. Hilbert schemes of points on a surface. Let X be a smooth quasi-projective complex algebraic 
surface. Let n e N*. We will denote with S"X the n-fold symmetric product of X, that is, the quotient 
X"/&n oi X" by the symmetric group 6„. The symmetric product S"X is normal and Gorenstein, and, 
since it is a quotient of a smooth variety by a finite group, it has only rational singularities (see [1], [2]). 

We will indicate with X^"! the Hilbert scheme of zero dimensional closed subschemes of X of length 
n, or, more briefly, the Hilbert scheme of n points on X. It is well known that Xl"! is smooth and that 
the Hilbert-Chow morphism 

^ : xt"] S'"X 

provides a crepant, semismall resolution of singularities for 5"X. We indicate with S C X^"! x X the 
universal family and with PxM and px the projections from X^"! x X onto X^"! and X, respectively. 

1.2. The G-Hilbert scheme. We will briefly describe the G- Hilbert scheme as explained in Reid [5U] 
and Nakamura [29]. See also [23], [22] and [6]. Let G be a finite group and M a smooth quasi-projective 
variety on which the group G acts. 

Definition 1.2.1. The G-Hilbert scheme GHilb(Af) of G-clusters on M is the scheme representing the 
functor: 

GHilb(Af) : Sch/C Sets 

associating to a scheme S the set 

GHilb(M)(S') := {Z C S X M, Z closed G-invariant subscheme, 

flat and finite over S such that H"{OzJ ^ C[G] for aU s £ S} . 

The closed points of GHilb(Af) parametrize G-clusters, or, in other words, G-invariant subschemes of 
M of length |G| such that H°{Oz) ^ C[G]. We have a G-Hilbert-Chow morphism: GHilb(M) M/G; 
T is projective and surjective, birational on the irreducible component containing the free orbits. The 
G-Hilbert scheme GHilb(Af) just defined is generally very bad: it is not irreducible, not cquidimcnsional 
or even connected. In order to avoid such problems and to have a good candidate for a crepant resolution 
of M/G, define the Nakamura G-Hilbert scheme Hilb'^(A/) as the irreducible component of GHilb(A/) 
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containing free orbits. The Nakamura G-Hilbert scheme is a fine moduli space for G-clusters, with 
universal family Z the restriction of the universal family of GHilb(M) to Hilb'^(M). The G-Hilbert- 

Chow morphism r : Hilb'^(M) >- MjG is now birational and surjective. The Nakamura G-Hilbert 

scheme Hilb'^(Af) was built by Ito and Nakamura in [23] and |22| . 



1.3. The BKR theorem. Let M be a smooth quasi-projective variety and G a finite group acting on 
M with the property that the canonical line bundle lom is locally trivial as a G-sheaf. This is equivalent 
to the fact that the stabilizer G^ of a point a; G M acts on T^M as a subgroup of SL{TxM), or to the fact 
that the quotient M/G is Gorenstein. Denote with Y the Nakamura G-Hilbert scheme Y — Hilb'^(Af). 
Consider the universal family Z CY x M. In the diagram: 



Z 



P 



M 



Y 



M/G 



■K and q are finite of degree |G|, q is flat, and -p and /x are birational. The structural sheaf Oz can be 
seen as as a {1} x G-equivariant sheaf on y x Af. Therefore we can define an equivariant Fourier-Mukai 
functor: 

$^1^, : Rp, o q* : B\Y) . D^(A//) . 

The main result proved by Bridgeland, King and Rcid in [3] is the following theorem. 

Theorem 1.3.1. Let M be a smooth quasi-projective variety of dimension n, G a finite subgroup of 
Aut(Af) such that the canonical line bundle lom is locally trivial as a G-sheaf. Let Y = Hilb'^(Ajf) and 
Z QY M the universal closed subscheme. Suppose that dmiY x m/g Y < n + \ . Then Y is a crepant 
resolution of M/G and the Fourier-Mukai functor 



■d\y) 



D^(Af) 



is an equivalence of categories. 



1.4. Isospectral Hilbert schemes and polygraphs. We will now present the construction of the 
isospectral Hilbert scheme, as defined by Haiman [19j . and a brief description of its properties. Haiman 
proves everything for the affine plane A^, but all works for a general smooth quasi-projective surface; 
we sketch here how to extend some of his proofs. 

Definition 1.4.1. The isospectral Hilbert scheme is the reduced fibered product: 

P 



(1.1) 



that is := X5,.x X") 



S"X 



red ' 



Remark 1.4.2. In the definition above it is necessary to take the reduced scheme underlying the fiber 
product, since the fiber product X^"! xg^x X" is never reduced, if n > 2. 

The following simple lemma allows to extend several of Haiman's results to an arbitrary smooth 
quasi-projective surface. 

Lemma 1.4.3. Let X be a quasi-projective variety. Then each point in X" has an affine open neigh- 
bourhood of the form C/", where U is an affine open set in X . 
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Proof. It suffices to prove that given a quasi-projective variety X and n points xi, . . . , a;„, there exists 
an affine open set U such that all Xi € U . To prove this, embed X in a projective space and take its 
projective closure Y — X. Then Z = Y \ X \s Si closed subset of the projective variety Y . For large 
there exists sections Si £ H^{Y,Xz{l)) C H'^ (Y, Oy (l)) , vanishing on Z but nonzero on Xi. If / is large, 
the subspace Hi C H^{Y,Iz{l)) consisting of sections of Iz{^) vanishing on Xi form a hyperplane in 
H^{Y,Iz{l)) for all i. Consider now a section u e H^{Y,Xz{l)) \ U"^jiJi. The affine open set U defined 
by u 7^ in y is contained in X and contains all the points Xi. □ 

The isospectral Hilbert scheme has the following fundamental properties. 

Theorem 1.4.4. The isospectral Hilbert scheme B" is irreducible of dimension 2n, normal, Cohen- 
Macauley and Gorenstein. Moreover it can be identified with the blow up of X"" along the scheme-theoretic 
union of all its pairwise diagonals. 

Proof. The irreducibility follows in all generality, exactly as in the case of the affine plane, from the 
product structure for the isospectral Hilbert scheme (see [191 lemma 3.3.1, proposition 3.3.2]), which 
holds true for an arbitrary smooth quasi-projective surface. The other properties are proved by Haiman 
in the case of the affine plane [TH]. For a smooth affine surface the proof goes exactly as in the case 
of Aj.. Passing to a smooth quasi-projective surface X is now simple, owing to the preceding lemma. 

Consider the projection p : >- X", Q a point on and its image P — p{Q) G X" for the map p. 

Let t7" be the affine open set containing P, found in lemma IT. 4. 31 The isospectral Hilbert scheme B^ 

associated to the affine surface U is now the blow-up B^ «- [/" of the scheme-theoretic union of the 

pairwise diagonals in [/". Now the scheme B^ has the wanted properties and can be identified with the 
open set p^^ ([/"), the inverse image of J7" for the projection p. Since the statement is local on B" and 
on X", we are done. □ 

Remark 1.4.5. Let / : X F be a finite and surjective morphism of schemes. If X is Cohen- 

Macauley and Y is smooth, then / is flat \XM exercise 18.17]. On the other hand if / is fiat and Y 
is Cohen-Macauley Y, then X is Cohen-Macauley. In this case X is Gorenstein if and only if / has 
Gorenstein fibers [H chapter 10, n.7, §2, §3]. 

Remark 1.4.6. The previous remark applies to the isospectral Hilbert scheme i?", since by theorem 

11.4.41 it is Cohen-Macauley and q : ► X'"' is finite and surjective with X'"! smooth. Hence the 

Cohen-Macauley property of is equivalent to the fiatness of the morphism q. Therefore in the diagram 
(jl.ip q is fiat of degree n!, even if tt is not. 

Remark 1.4.7. The subscheme Z C B" x X, defined as the pull-back {q x id)~^(S), where S is the 
universal family over X^"!, is called the universal subscheme for the isospectral Hilbert scheme. Since 2 
is fiat and finite over Z is flat and finite over S", hence Cohen-Macauley. It is reduced, because 

generically reduced. By definition, the scheme Z is isomorphic to the fibered product Z ~ i?" x^[„j S 
of i?" and S over the Hilbert scheme X^"!. While S is irreducible, Z has n irreducible components 

Z, = ipx id)-i(A) , 

where Di is the diagonal 

It is clear that Zi ~ i?", hence Zi are normal, Cohen-Macauley and Gorenstein. 

1.5. The Hilbert scheme X^"! as the Hilb'^"(X") scheme. We will now explain briefiy why the 
scheme Hilb*^" {X") can be identified with the Hilbert scheme X'"] of n points on X and why the action 
of the symmetric group 6„ on the product of a smooth quasi-projective surface X satisfies the 
hypothesis of the BKR theorem [T3T] See [T^ and [T5]. 

The key point for the comparison between X^"! and Hilb®"(X") is the Cohen-Macauley property 
of B", or, equivalently, the fiatness of the morphism q : _B" >- X". Since inherits from X" a 
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6„-actioru, the direct image q^OB" is a rank n! locally free S„-equi variant sheaf of algebras over 

the S„-action induces locally a morphism: OxM [&n] ^ q^tOs^-, which is easily an isomorphism, since 

it is such generically. As a consequence, X^"! can be viewed as the quotient of i?" by the S„-action. 
Moreover, for every closed subscheme ^ G X^^\ the fiber is a 6„-invariant subscheme of X", such that 
H°{Ob^) — C[&n]- Hence, i?" is a flat family of S„-clusters on X". By the universal property of the 
S„-Hilbert scheme S„Hilb(X"), and since is irreducible, the family i?" gives rise to a morphism: 

: Hilb®"(X") . 

Haiman proves in [TH] that (j) is an isomorphism, by explicitly exhibiting an inverse. The proof needs by 
no means the fact that X is isomorphic to A^. or that X is afhne, and it can be carried on in exactly the 
same way for any smooth quasi-projective surface; hence: 

Theorem 1.5.1. The Hilbert scheme of n points on a smooth quasi-projective surface X is isomorphic, 
over the symmetric variety S^X, to the scheme Hilb®"(X"). 

At this point, to prove that the 6„-action on X" satisfies the hypothesis of theorem 1 1.3. II we have to 
prove that ojx" is locally trivial as 6„-sheaf — which is equivalent to the fact that 5"X is Gorenstein — 
and the smallness condition dim(A"["l Xs^x A'["l) < 2n + 1 ; but this is a direct consequence of the fact 

that the Hilbert-Chow morphism: fj, : Xl"! >■ S^X is a semismall resolution 12, proposition 2.11]. 

As a consequence, we get the following remarkable particular case of theorem ll.3.11 

Theorem 1.5.2 (Haiman). Let X be a smooth quasi-projective surface, Xl"! the Hilbert scheme of n- 

points on X , _B" the isospectral Hilbert scheme. Let q : » X^"! and p : B"" >■ X" be the 

projections on the Hilbert scheme and on the product variety, respectively. The Fourier-Mukai functor: 

(1.2) * = Rp, og* :D''(X["1) -D^e„(^") 

is an equivalence. 

1.6. Polygraphs. 

Definition 1.6.1. Let AT be a smooth quasi-projective variety. Let D C X" x AT be the scheme-theoretic 
union of pairwise diagonals Di — U"^]^Ai_„+i. The polygraph D{n, k) C X" x X*' is the reduced fc-fold 
fiber product 

D{n, k) := ( D x ■ ■ ■ x j^,. [ 

\ fc-timcs / ];cd 

The polygraph D{n,k) is finite over A"", but not flat. Its generic degree over X" is n^. The term 

polygraph is explained by the following characterization. Let / : {1, . . . , fc} » {1, . . . , n} be a map. Let 

Ef C A" x X'^ be the graph of the morphism A'" X'^, sending (xi, . . . , x„) i (a:^/(i), . . . , xy(fe)). 

Then the scheme D{n,k) is exactly the scheme-theoretic union D{n,k) — U/i?/, where the union runs 
over all maps / : {1, . . . , fc} {1, . . . , n}. 

We now take the fc-fold fibered products of S and Z (over Xl"! and -B", respectively) and we compare 
them to the polygraph D{n, fc). Let us denote with S(n, fc) the fc-fold fibered product: 

S(n, fc) := S x^H . . . x_yH S . 

^ V ' 

fc-timcs 

The scheme !E!(n, fc) is flat and finite over XN of de gree n and hence Cohen-Macauley. By analogy with 
the previous definitions we set: 

Z{n, k) := Z ■ ■ ■ >^B^ Z . 

fc- times 



because is the blow-up of X"^ along a (Sn-invariant subscheme, or directly from the definition 
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The scheme Z{n, k) is flat and finite over of degree n'^: this imphes that it is Cohen-Macauley and 
hence reduced, since generically reduced. Since Z is isomorphic to the fiber product of S and _B" over 
the Hilbert scheme (see remark [1.4.7p . it is immediate to see that: 

(1.3) Z(n,fc) = S(n,fc)x;fH5", 

or, equivalently, that it is isomorphic to the puU back: Z{n, k) = {qx id)^^(S(n, k)), where {q x id) : i?" x 

X'' >- Xl"! X X''. We come now to the fundamental Haiman's vanishing theorem [5D1 proposition 5.1]. 

In [31j we gave an independent proof for the case k = 1. 

Theorem 1.6.2 (Haiman). Consider the map: 

/ := p X id : X X'' ^ X" X X*^ . 

Then the derived direct image 'Rf*Oz(n.k) of the structural sheaf of Z{n, k) is the structural sheaf of the 
polygraph D{n,k): 

'f^f*Oz{n,k) — OD{n,k) ■ 

Proof. The case of the affine plane X — has been proved Haiman [20]. To prove it for an arbitrary 
smooth quasi-projective surface we use the following comparison formula between algebraic and complex- 
analytic higher direct images (see theorem 2.48], or [3T1 lemma 2.14], for a proof): \i g : S' >- S 

is a projective morphism between complex algebraic varieties, and gan '■ S'an ^ "^an is the associated 

morphism between complex analytic spaces, we have: 

We apply this remark to the morphism / : Z[n, k) >- D{n, fc), keeping into account that, by GAGA 

principle [31], for all complex algebraic variety 5", the morphism of ringed spaces (S'an, Cs.n) " i^^ ^s) 

is faithfully flat. This implies that: 

R/*C'z(n,fc) — Oi:,(n,k) '^f*Oz{n,k)^^ — (^D(ri,fc)^„ • 

Since the facts are local in nature, it suffices to prove the statement on a small analytic open subset V 
of D{n, k). We can always choose it of the form: 

s 

V^l[Du,{n,,k,) 

with Uj small analytic open set of , nj , kj positive natural numbers such that J2j "■j — ^ ^-i^d J2j — ^ 
and Dij.{nj,kj) the analytic polygraph relative to Uj. Over V, the analytic space Z{n,k)^^ is now of 
the form 



Z{n,k)^ 



V 



n ^;7,K'%) 



and the map / is now the product map. Since the Uj are now analytic open sets of C^, and since the 
result is true for analytic open sets of C^, because it is true algebraically for C^, we are done. □ 

1.7. Equivariant Fourier-Mukai functors and cohomology. We will now describe a general method 
to compute cohomology of a quotient via equivariant hypercohoniology. First, a lemma. 

Lemma 1.7.1. Let k be a field with char(fc) = 0, R a k-algebra, G a finite group and M an R[G\-module. 
Let N be a R-module (that is, G acts trivially on N). Then 

(M N)^ = ®^ N . 

Proof. Resolve M with a projective resolution P' «- M . Applying the fixed points functor we get 

a resolution: {P^)' >■ M'^ of M*^. Now the (P*)*^ are projective elements, because they are direct 

factors of the P', which are themselves projective, and a direct factor of a projective is projective. Hence 

(P*^)* M'^ is a projective resolution of M'^ . Now the tensor product — ® N commutes with the 

fixed points functor, since G does not act on N: (— )*^ ® X ~ (— ® N)'^ . Deriving, since the fixed points 
functor takes projectives to projectives, we are done. □ 
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Proposition 1.7.2. Let G be a finite group. Let p : X ► Y be a proper G-equivariant morphism 

of algebraic varieties. Let q : X >- X/G and n : Y ► Y/G be the quotients by G of X and 

Y , respectively. Let /i : X/G *■ Y/G be the map induced by p on the quotient level. Let $ be the 

equivariant Fourier-Mukai functor $ = Rp* o Lq* : D^(X/G) ► T)q{Y). Then: 

(1) R^i* ~ Trf o 

(2) the hypercohomology of a complex T* € D~(X/G') is the G-equivariant hypercohomology of 
^{J-'*), or the hypercohomology of the quotient Y/G with values in the invariants of the image 

M{X/G, T') ~ MaiY, <^{T')) ~ H(r/G, <i>{T')^) . 

Proof. 

7rfo$(J-') = 7rf oRp, oLq*(J^') ~ [R^, og,(Lg*(J^*))]'= 
^ RAi,qf (Lg*(^-)) ~ ^^^^^ q^Ox) 

because /i is G-invariant, because of lemma ll.7.H the projection formula and the fact that qfOx — Ox/g- 
The second statement is now an easy consequence: 

HG(y,$(^')) = Rr^o$(^*) = Rry/G°^f o$(^') 

~ RFy/G o R^4^' ) 2. RFx/G ) 

~ m{x/G,F'). 

□ 

As an apphcation of the prehminary results explained in this section we prove the following vanishing. 

Proposition 1.7.3. Consider the morphism p : >- X". We have Rp^O^n ~ Ojf" • 

Proof. Since * : D''(X["1) 'D%^{X'^) is an equivalence, for all complex G* G D''(X["1) and for aU i: 

Homi3.^^(^„)(*(O^H),*(G')) ^ Homi3.(^H)(0;fH,G*) 2.Ext^,„,(OxH,G-) 

~ H*(X["1,G'). 

Now, by propositioi@[IlL2lff (XN, G') ~ ff (X", *(G'))®" and the last term is 

ff(X",*(G*))®" ^6„Ext^„(Ox",*(G')) ~Hom^.^^(^„)(Ox",*(G*)) . 
Therefore for aU G* £ D''(XN): 

HomD.^^(x.^)(*(OxH),*(G'))^HomD.^^(^„)(Ox",*(G-)) 

and since every object in D@^(X") can be written as $(G*) for some G* e D^(XN), because * IS an 
equivalence, by Yoneda Lemma we obtain: ^{Oxm) — Cx", which is exactly: Rp^Osn ~ Ox^- D 

2. The image of a tensor product of tautological bundles for the BKR transform 

In this section we are going to compute the image $(L["1 ® ■ ■ ■ ® L^"!) of a fc-fold tensor power of a 
tautological bundle for the BKR transform. We will give a simple and explicit answer for fc = 1 in terms 
of a 6„-equivariant complex S Dg (X"); for higher k we will give a characterization of the image in 
terms of a 6„-equivariant spectral sequence of coherent sheaves on X". 



^Remark that the equivariant hypercohomology Hg (X",^(G*)) coincides with the invariant hypercohomology 
H*{Jf",*(G*))®" because the fixed point functor [-]®" is exact 
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2.1. Tautological bundles. 

Definition 2.1.1. Let L he a line bundle on the smooth quasi-projective algebraic surface X. The 
tautological bundle L^"! on the Hilbert scheme X^^\ associated to the line bundle L on X, is the 
rank n vector bundle defined as the image of the line bundle L for Fourier-Mukai functor ^'^^_^xM '■ 
'D\X) >- D''(XW) : 

Remark 2.1.2. The tautological bundle L^"! is a rank n vector bundle because the universal family S 
is flat and finite of degree n over the Hilbert scheme X^"! (see [21i corollary 5.5]). 

We want now to express as well the tensor power of a tautological bundle on the Hilbert scheme in 
terms of a Fourier-Mukai functor. Consider the following diagram: 

Ein,k) E'^ > X'^ 

where the square is cartesian, and where i and j denote the diagonal immersions. We remark that p^[„j 
and w are flat and finite of degree n^. Consider a line bundle L on X and its fc-fold exterior tensor 
product ■ ■ - ^ L on X''. It's clear that 

^*PxM,{Px)*iL K • • • K i) = ® • • • ® ^["1 = w,j*{p''x)*{L K • • • K i) 

by base change. Therefore we can express the tensor product of tautological bundles L'"^ (8) • • • <8> i'"^ in 
terms of the Fourier-Mukai functor with kernel S(n, k): 

(2.1) ® • • • ® = {LM---^L) . 

We want now to find the image $(L["1 (8) • • • ® i^"') of the tensor product of tautological bundles by 
the BKR equivalence (|1.2p . By (j2.ip and by the fact that a composition of Fourier-Mukai functors is a 
Fourier-Mukai functor 28, proposition 1.3], we have: 

*(L["1(8---®L["1) ~ $^f„';^^„$J=<-^\„,(LH---SL) 
~ $5,^^„(LH---KL) 

where the kernel /C of the composition is /C ~ R/*(Obii ^ ^ OE:(n.fc)), where we naturally consider 
Os" ®o O-fn fc") as a complex on _B" x X''. Since S(n, fc) is flat over X^"!, the latter reduces to: 

IC ~ RMOb^ ®0^,„] OH(„,fe)) - R./*((^B"x^HS(«.fc)) ■ 

Now, by Ijl.Sp . Ob" x^(„]H(n,fc) — ^'^(n.fc); Haiman's vanishing theorem 1 1 . 6 . 21 then yields 

Therefore the image of the tensor power of a tautological bundle for the BKR transform # is: 

(2.2) *(i["l l["1) ~ $^f^;^'„(i M---ML) . 

2.2. The case k = \. In the case fc = 1, for a line bundle i on X we have: 

(2.3) *(L["l)^$5^^„(i)- 

We are going to express the image $(i["l) in terms of a bounded complex C' of 6„-equivariant sheaves 
on X". The method we follow consists in finding a 6„-equivariant resolution of the sheaf O^i in terms 
of structural sheaves of its components (the pairwise diagonals Di = Ai^„+i) and their intersections. 
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For any multi-index 7^ / C {1, . . . , n} denote with Dj the partial diagonal Dj := Cii^iDi. Applying 
corollary lA. 41 we find a Cech-type right complex IC* defined by: 

/|=p+i ieJ 

where is the sign Sij := [—l)^^'^^'^ I 'K'}; the complex K,' is 6„-equivariant and provides a resolution 
of the sheaf On- 

The complex C*. We now introduce the complex of 6„-equivariant sheaves in Dg (-^")- Let pi : 

AT" «- be the projection onto the factors in /, and let ii : X c — ^ X^ be the diagonal immersion 

of X into X^ . If L is a line bundle on X, let us denote with Lj the sheaf Lj := pJ{ii)^,L, supported on 
A/. Let us define now define the complex (C^, d^) in the following way: 

/|=p+l iGJ 

Remark 2.2.1. Let cr G S„; denote with cr* the automorphism cr* G Aut(Ar") defined as: cr*(xi, . . . , a;„) := 
(xct-i(i), . . . , a;o.-i(„)). We have cr*(L/) = iCT(/) for all 7^ / C {!,..., n}. The (3„-linearization on 
C£ :— (B\i\^p+iLi can then be defined setting {a.x)j := ec,j(T*x^-i{^j), where (x/)/ is a local section of 
C£ and where ea,j is the signature of the only permutation r such that a~^T is strictly increasing. The 
sign Eo-.j is necessary in order to balance the signs present in the definition of the differential 9£ and to 
make it S„-equivariant. 

Theorem 2.2.2. Let X he a smooth quasi-projective algebraic surface and L a line bundle on X . Let 
be the tautological bundle on the Hilbert scheme AT^"! associated to L. Let 

* ^ ^•^f:^^,. : D''(X["1) . T>ejX") 

be the Bridgeland-King-Reid equivalence. Then the image of the tautological bundle L^"! for the equiva- 
lence $ is isomorphic in Dg^(A"") to the complex (C*,9*); 

Proof. By (|2.3p the image of the tautological bundle L^"! is given by the image of L for the 



Fourier-Mukai functor ^x^X" 



The latter reduces simply to: ^^'^x^W — {px")*{Od ®P*xL)- Replacing Od with its Cech resolution 
IC' we get: 

*(L["l)~(px'^),(/C*0p^L). 

It remains now to identify the complex (px")*!^* ® P*x^) with the complex C*. The term in degree 
is isomorphic to: 

n 

{px-UK." ®P*xL)^^{px^)40d,®P*xL) . 
1=1 

Since px" ■ L)i >- X" is an isomorphism and the projection px : Di ► X factorizes as the 

composition 

D,J^X-^X, 

by projection formula (px")*(C'Di <8>Px-^) — Pi-^ — ^i- F'o^' the terms in higher degree, it is sufficient to 
note that '■ Dj >■ A/ is an isomorphism, and consequently that 

ipx'^UK:P®p*xL)^ {pxnUOD,®P*xL)^ Lj. 

|/|=p+l l^l=!3+l 

The differentials are induced by the differentials of IC* and clearly coincide with 9?. □ 
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2.3. The general case. For the image we have the foUowing characterization: 

Theorem 2.3.1. There is a natural morphism in Dg {X"^): 
(2.4) a:Cl®^ CI >- *(L["1 • 



whose mapping cone is acyclic in degree > 0. This means that 
and in degree the morphism: 

(2.5) P,g*(i["l) «) • • • ®p*g*(i["l) p,<z*(i' 

is surjective and the kernel is the torsion subsheaf. 



■®Lt"') 
iLN)^0 Vi>0 

"1 •••®l["1) 



Proof. To build the morphism a consider the cartesian diagram: 



D{n,k) 



(2.6) 



10 



where D{n,k) is the (non reduced) fc-fold fibered product D Xx" 
natural morphism of functors: 

L- * k ~ T ■ * 

On the other hand, the epimorphism of sheaves: 



Xx" D oi D over X". There is a 



(2.7) 

3es a rr 

o Lj* o {Px)* ^6 a morphism 



O 



D{nM) 



o 



D{n,k) 



induces a morphism of Fourier-Mukai functors: $ 







Knowing that <i>x"''Zx'^ 



Li* op^„^ o(p^)* 
Applying the previous morphism of functors to ■ ■ 

Lrop^„^o(p^)*(Li 



CI 



CI 



I L we get the desired morphism: 



The fact that *(L["1 (g) • • • (g) L'"!) is quasi- isomorphic to the sheaf p,(j*(i["l g) • • • ® i^"!) comes 
immediately from Haiman's vanishing theorem 11.6.21 and from the fact that i Kl ■ • • Kl L is locally free. 
Indeed: 



*(il"l • • • ~ $^°!:i'„(i H • • • H L) ~ ^I;*(Oc(„,fc) ®o,. i E 

which is a sheaf concentrated in degree 0. 

In degree the morphism (|2.5p is an epimorphism since it is the composition: 



\L) 



^*px^MnL\ 



LI 



\L)) 



D(n,k) 

where the first isomorphism is a consequence of the base change for the square in (|2.6p . because the 
vertical arrows are finite and L H • • ■ Kl L locally free, and the second epimorphism is induced by the 
epimorphism ()2.7p . 

To prove that the sheaf p,(j*(L["l g) • ■ • g) L^"!) is torsion free, remark that it is torsion free as p^Ob^- 
module, since q*(L["l g) • ■ • g) L'"!) is locally free. Hence, by proposition 11.7.31 it is torsion free as 
Ox^-module. Now, the epimorphism (12. 5p is an isomorphism out of the diagonal, hence the kernel is 
torsion; since the sheaf Pfq'{L\'^^ (g) • • • g) L'"!) is torsion free, the kernel has to coincide with the torsion 
subsheaf of q* (L N ) ^ . . . ® M ) . □ 
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Corollary 2.3.2. The term p^,q* {L^^^ (g)- ■ -^il"!) can be identified with the term E'^ of the hyperderived 
spectral sequence 

(2.8) Tor_,(Cl\...,Cl'=), 

■iiH Vik=P 

associated to ••■ (8)^ C* and abutting to the hypercohomology HP^'^{C^ Cg)^ ■•■ (g)^ C^) ~ 

Tor_p_g(p,q*iN,...,p^q*LN). 

Proof. The term E^ is torsion-free, because subsheaf of the vector bundle E^'^ ~ O • ■ • (8) C° . 
Furthermore the kernel of the epimorphism H^{C'^ ®^ ■ ■ ■ ®^ CI) ~ p^,q*L^^'^ (g) • ■ • ® — E^° 

is torsion, because its support is contained in the union of supports of Ef'~^ for p> 0, hence in the big 
diagonal of X". Therefore the kernel is exactly the torsion subsheaf, and E^ can be identified with 



Remark 2.3.3. The spectral sequence (|2.8p can be built in a standard way with a procedure analogous to 
the construction done in [T7] for the spectral sequence (6.5.4.1 j^. The spectral sequence '"^ is obtained as 
the standard spectral sequence '£;f''(M*^*) := H1j{MP'') of the double complex M*'* := i?*'*®- • -(gji?*'* 
(for the sum of the first degrees and for the sum of the second ones) built starting from a (term to term) 
locally free resolution R* * C* of the complex C* with a double complex R* *. See also [5J XVII, 2, 

(I')]- 

The S„-equivariant spectral sequence Ef''^ carries a very rich piece of information about the tensor 
power of tautological bundles; however, working it out in all generality is hard, due to evident technical 
and combinatorial issues. In the following section we try to extract information from Ef''' by taking its 
S„-invariants. 



3. Invariants 

The aim of this section is the computation the invariants $(L["1 (g) • ■ L^"!)®" of the image of a tensor 
power of tautological bundles for the Bridgeland-King-Reid transform. By proposition 11.7.21 point 1, 
they coincide with the derived direct image of L^"! • • • (X) il"' for the Hilbert-Chow morphism /i: 

(3.1) *(l1"1 ® • • • ® LN)e„ ^^f "*(l["1 (»■■■(» ^["1) = R^^il"! ® • • • ® L^"!) . 

This information, though poorer than the one given by the full image, is sufficient to compute the 
cohomology of the Hilbert scheme with values in the tensor power of tautological bundles. Indeed, 
applying proposition 11.7.21 point 2, to our situation, we can compute the cohomology of any coherent 
sheaf F on the Hilbert scheme X^"! as the S„-equivariant hypercohomology of X" with values in ^{F), 
or as the hypercohomology of S'"X with values in the 6„-invariants of $(F): 

i7*(x["l,F) ~H^JX",*(F)) ==H*(S'"X,*(F)®") . 

3.1. Preliminary lemmas. We recall here Danila's lemma, which will be fundamental in what follows. 
In appendix iBl we discuss a version of this lemma for morphisms. 

Let G be a finite group acting transitively on a finite nonempty set /. Let fc be a field of characteristic 
zero and R a A:-algebra. Let M be a i?[G]-module admitting a decomposition: M = (Bi^iMi compatible 
with the G-action on /, that is, for alH € / and for all g € G, the action of g on M, restricted to Mi, 

gives an isomorphism g : Mi «- Mg(iy For all g £ StabG(i) we have g € Aut(Mi). Danila's lemma [HI 

lemma 2.2] states: 

Lemma 3.1.1. The projection pr^ : M ^ Mi is StahGii)-equivariant and induces an isomorphism 



'in our case, since we use the level Ef''^ instead of El^''^ , we don't take the cohomology W in [171 (6.5.4.1)] 
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Remark 3.1.2. Suppose that the G action on / is not transitive. Taking the orbits Oi, . . . , for the 

G-action on / we can always reduce the problem to the case of a transitive action, by applying Danila's 
lemma IS". 1.11 to G- homogeneous modules Mq^ = (Bi^Oj^i. 

Remark 3.1.3. We will apply Danila's lemma in the following situation. Let G be a group acting on 
a variety Y and on a finite set /. Let be a G-sheaf on Y, admitting a decomposition F = (Bi^iFi 
compatible with the G-action on /. This means that for all i G / and for all g £ G we have canonical 
isomorphisms: hg : Fi ~ ► g*Fg(^iy Consider the spaces of sections Mi = H^{Fi) and M = We 

inherit morphisms (see [51 section 2.2]): : Mi Mg^i-^ setting Ag(s) := hgS o g~^. In particular M 

becomes a left-G-representation, with a decomposition M = (SieiMi compatible with the G-action on /. 

Since we will be using it throughout the next section we will include the following: 

Lemma 3.1.4. Let X be a smooth quasi-projective algebraic surface. Let E — ^— ^ F — ^— ► G be a 

sequence of sheaves on X", with im/ C kcr g. Then the sequence of sheaves on S^X: 

(3.2) E^- F®" ► G®" 

is exact if and only if for all affine open subsets U of X , the induced sequence 

(3.3) H°{U'',Ef" H°{U'',F)'^" H^\U'\G)^- 

is exact. 

Proof. Since, by lemma [T.4.31 the affine open sets of the form S'"C/, where U is an affine open subset of 
X, cover the variety S'"X, we can test on them the statement the lemma. The sequence p.2[) is exact if 
and only if the sequence 

H°{S'^U,E^-) H\S'^U,F'^-) " H\S'^U,G^-) 

is exact for any affine open subset U of X . By definition of the 6„-invariant push- forward 7rf " this 
sequence is exactly the sequence p.3p . □ 




3.2. The case fc = 1. In the case fc = 1 we already obtained a full answer for the image of a tautological 
bundle for the BKR transform Computing the invariants is now very simple: we obtain another 
simple proof of the Brion-Danila formula [9", proposition 6.1]. Here and in the following, if ^ is a finite 
set, we will indicate with &{A) the symmetric group of the set A. Moreover, if / C {1, . . . , n} is a 
multi-index, we will denote with / its complementary. 

Theorem 3.2.1. Let X be a smooth algebraic surface, L a line bundle on X. Let X^"! be the Hilbert 

scheme ofn points on X, S'^X the symmetric variety and ^ : X^"! >- S''^X the Hilbert-Chow morphism. 

Then 

*(L["1)®" ~R^,(Ll" 

Proof. By theorem l2.2.2l it suffices to apply the Sn-invariant push-forward tt®" to the complex C* . Since 
7rf " is an exact functor, the complex (C^)®" provides a right resolution of /i,(i["l). Then it suffices to 
prove that, for allp > 0, (C^)*^" = 0. By lemma [3. 1.41 this is equivalent to proving that the 6„-invariant 
sections ff°(J7", C£)®" vanish for p > for all affine open sets U of X. Now, by lemma [3.1.11 fixed a 
multiindex Jo of length p A- 1: 

H%U'',Clf"=H%U'', i/)®" ~i/"(C/",L/jStabe„(/o) , 

-f|=p+i 

Since Stabe„(/o) — S(/o) x S(/o) and since S(/o) acts on the fibers of Lj^ over A/^ via the alternant 
representation e|/o|, we have: 

. ^ r iT-i ne(7o)x6(7^) 

i/°(C/",L/jStabe„(/o) ^ H°{U,L)®H''{U,Oxr^e\i,,i 

= [i7°([/,L) ® e|,„|]®^'"^ ® ^l^l77"(t/,Ox) = 
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for p > 0, where the first equality follows from Kiinneth formula, remembering that the sheaf L/^ is 
supported in A/„ = ^x'o x . □ 

As an easy consequence, we could now compute the cohomology H*{X^'^\ L^"!) of the Hilbert scheme 
with values in the tautological bundle L^"!, with the same proof as in Danila In section HH] we will 
give a generalization of this argument to the fc-fold exterior power A'^lI"!. 

3.3. The spectral sequence of invariants. For fc > 2, we have to use results from section [5] and 
in particular the characterization of theorem 12.3.11 and corollary 12.3.21 We remarked in 13.11 that the 
invariants #(L["1 • • • (g) lN)©" coincide with the derived direct image R^,(i["l ® ■ ■ ■ ® i'"') of i^"! ® 
■ ■ ■ (gLl"! for the Hilbert-Chow morphism. Applying the functor [— ]®" of 6„-invariants to the morphism 
a in (|2.4p we get a morphism in D''(5"X): 

{CI ®^ • • • ®^ C2)®" — R/i*(L["l (g) • • ■ ® lW) 
whose mapping cone is acyclic in degree > 0; this implies the vanishing 

Moreover we have the following characterization of (g • • • (g L^"!). 

Corollary 3.3.1. The derived direct image /i, 

(i["l,g). . .(giiH) of the k-fold tensor power 
for Hilbert-Chow morphism can be identified with the term S'^ of the spectral sequence 

of &n-invariants of the spectral sequence Ef''^, abutting to H'p^'^{C^ (g)^ • • • ®^ C* )®" . 

The new spectral sequence of coherent sheaves over S'^X turns out to be much simpler than 
the original one; it was considered for fc = 2 in [3T]. We proved there that it degenerates at level £2] 
this yields immediately a nice description of the direct image g) lI"!) in terms of the short exact 

sequence p.7p below. The proof we give here simplifies the arguments of [3T] by working out only the 
restriction of the spectral sequence of invariants ff'^ to a big open subset S'^^X of 5'"X, which will 
be precised in the next section. We will see that the information carried by this restriction is already 
sufficient to draw results on the direct image of the general exterior power of tautological bundles. 

3.4. Reduction to the open set Consider the closed subscheme of X": 

|/| = |/'|=2 

Its irreducible components are the partial diagonals Aj, | J| = 3 and the intersections A/ n A//, [/[ = 
/'I = 2, / n /' = 0; hence they are smooth of codimension 4. 

Definition 3.4.1. We define the open set X"^ of X" as being the complementary of W in X": X"^ :— 
X"- \ W. It is S„-invariant. Analogously we will define the open subsets S^^X, xi"' of 5"X and X^"\ 
respectively, as: S"■X^:^, := Tr{X^^) = X"^/6„, X^"' := ^^^(S'"A'*,). We will indicate with jx", js"X, 
jxM the open immersions of open sets X"^,, AtI"' into X", S"X, X^"-!, respectively. When there 

will be no risk of confusion, we will omit the subscripts. 

Remark 3.4.2. Remark that AT"^ and S"^,X are complementary of closed of codimension 4 in X" and 
5"X, respectively, while X^"' is the complementary of a closed of codimension 2 in X^"!. 

In the rest of the article we will be concerned with the detailed study of the restrictions j*£'f j*£f''^ 
of the spectral sequences Ef''^ and £1''^ , to the open sets X", and S'",X, respectively. Since j* is an exact 
functor, we obtain other two spectral sequences j*Ef''^, j*£i''^ , associated to the derived tensor product 
i*Cl®^-- ■®^3*Cl and its invariants {j*Cl®^-- ■®^i*Cl)'^^, and abutting to HP+i{fCl®^-- -^^ j*Cl) 
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and HT+i{j*Cl 



j*C2)®", respectively. The big advantage of these spectral sequences is that 
now the complex j*C* is the 2-terni complex, concentrated in degrees and 1: 

^ fCl ► fCi ^ ; 



hence the terms j*E^''^ and j*£f''^ vanish if p > 



Corollary 3.4.3. The sheaf j* li^L^""^ 
sequence i*ff'« = 



) L'-"') can be identified with the term j*£^ of the spectral 



The following lemmas allow to deduce results on the whole S^X from the results on the restriction 
to the open set S^^X. 



Lemma 3.4.4. Consider the open immersion: j : S'"X,* 



S^X . Then, for any vector bundle A on 



Proof. Consider the commutative diagram: 



X 



It is a flat change base, hence j*{fi^A) ~ ii^{j*A). Now, applying j'*, we have: 

j*j*{fi*A) ~ j*^.*{j*A) ~ n*j*j*A ~ n^A 

because j*j*A ~ A, since A is a vector bundle and xi"' is the complementary of a closed subset of 
codimension 2 in X^"!. □ 

Lemma 3.4.5. Let A be a &n-vector bundle on X". Then j^.j*A'^" ~ A®". 

Proof. By flat base change we prove again that j* commutes with tt*. It is clear that commutes 
with TT* as well. The lemma follows from the fact that both j* and commute with [— ]®". Then 
],]*A^- c^ij^fAf- ~A^-. □ 

3.4.1. The spectral sequences j*Ef''^ and j*£^''^ . We make now some remarks on the terms j*Ef''^. We 
introduce first some notations. 

Notation 3.4.6. Let Y be an algebraic variety and F G Coh(y). We will denote with Tor|j(i^) the Z-fold 
multitor 

Tor^(i^) := Tor,(£V^) . 

/—times 

Notation 3.4.7. Let P := {/ | ^ / C {!,..., n}}. For each a G p^^-M^ fc e N*, we wih indicate 
with Io{a) the multi-index Io{a) := U,; | |a(i)|>2 a{i), l{a) = Yl'i=i and J(a) = Uj| a{i). We 

finally set So{a) := {i e {I, . . . ,k} \ \a{i)\> 2} and A(a) : {0} U J(a) ► N the function defined by : 

Ao(a) = \So{a)\, X,{a) = \a-\{j})\ for alfl j e J{a). 

Remark 3.4.8. Each term i*E\''^ can be written as the direct sum: 

ri?r = rTor_,(Cl\...,Cl'=)= rTor_,(L,,,...,L,J 

nH l-ifc=p ilH hifc=p |/j|=jj+l 

= j*Tor_5(ia(i), ■ • ■ ,iQ(fc)) 



Here and in the following we consider J(a) as a subset of {1, ... , n}. 
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The support of each term Tor_g(LQ(i-), . . . , Lg_(^i^-^) is contained in r\i^So(a)^a{i) if -fo(«) 7^ 0, otherwise it 
is the whole X^. Therefore j*ToT-q{La[i)^ ■ ■ ■ , La(k)) = if |/o(a)| ^ 2. Consequently we have: 

(3.4) rTor_,(i„(i),...,L,(fe)) . 

|/o(a)|<2 

Motivated by this fact we define JP = {a e ;p{i,...,fc}^ i^^-^ |/o(a)| < 2}, and {E{''')n the subsheaf of 

-Bf '"^ given by: 

(3.5) (i?r)o := Tor_,(i:,(i), . . . , L^^k)) ■ 
By definition of (_Ef'')o equation (|3.4p becomes 

(3.6) ri?r-r(i^r)o. 

It is immediate to see that (i?°'")o = -EJ'^ and that (i?°'^)o = if g < 0. Moreover, if 1 < p < A: and 
a G Z^, then |/o(a)| = 2; hence, if 1 < p < fc: 



A. (a) 



(£^r)o- 0Tor_,(L,(i),...,L„(,))^ 0Tor'i,(L,„(,))® (g) Lf^ . 

aelP aelP jeJ(a) 

We will prove in lemma [C31 that Tor?^^(L/p(a)) ~ A^'^{Nj^^^~^ (g) pp) (X) L^^^^y with A^/o(a) the normal 
bundle of A/q^q) in X", and pp the standard representation of the symmetric group 6p. Therefore the 
sheaf (-Ef''')o is a direct sum of vector bundles restricted to pairwise diagonals A/„(a), a G Jp, hence 
Cohen-Macauley and pure of codimcnsion 2. It vanishes exactly when g < 2(1 — p). It is clear that 
(i?r)o = Oifp>fc. 

The differentials « of the spectral sequence Ef '^ induce differentials (df «)o : (£^f''')o ► (£;f+^''')o, 

making (£'*'^)o into a complex; the natural projection >- (i?'''')o, is then an epimorphism of 

complexes. Since the G-action on the complex i?*''' preserves the dimensional components, the complex 
{El''^)o inherit the G-linearization. We can therefore define the complexes (i?*''^)o as the (3„-invariants 
(f;'')o := (£^1'''^)®" of the complexes (£;i'''')o- 

We have the following lemma: 

Lemma 3.4.9. Let X be a smooth algebraic variety, F G Coh(X), such that F — ®\^iFi, with Fi vector 
bundles on smooth subvarieties Zi of X , extended by zero on X \ Zi. Let Y be a closed subscheme, 

Y C C\iZi, with codim^; Y >2 for all i. Then, if j is the open immersion j : X \ Y c >- X, we have 

that j^j*F = F. 

Proof. Recall that for a locally noetherian scheme X, Y a closed subscheme, E G Coh(X), we have the 
following condition on the local cohomology module 'Hy{E) (see [?!]): 

VpGy depth Ep >k ^ Hy{E) =0 yi<k, 

where here p indicates a scheme-theoretic point of Y . If £^ is a Cohen-Macauley sheaf and j is the open 
immersion j : X \ Y ^ — >- X, the above condition implies: 

V p G r dimo,,, E,>2 ^ j^fE = E . 

Since every sheaf Fi in the hypothesis of the lemma is Cohen-Macauley, because a vector bundle on the 
smooth subvariety Zi, and since dim^^ ^ {Pi)p ^ 2 because of the hypothesis codim^^ Y > 2, we can 
immediately infer from the facts on local cohomology that j*j*Fi = Fi for all i, from which the lemma 
follows. □ 

Lemma 3.4.10. We have the following relations: 
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Proof. The first relation follows easily from lemma [5 . 4 . 91 remarking firstly that {Ef''^)o is a vector bundle 
or a direct sum of vector bundles supported in diagonals A/, \I\ = 2, which are 2-codimensional smooth 
subvarieties; secondly, that, if |/| = 2, codimAj Z n A/ > 2 for every irreducible component Z oi W 
intersecting A/. The second relation follows from the first taking 6„-invariants. □ 

3.5. The case k — 2. Remarks made so far about the spectral sequences -Ef''^, i^f''^ and their restrictions 
to the open subsets X"^ , S'"^X, respectively, are sufficient to draw conclusions on the sheaf /i* (L^"! ) . 
The method we follow consists in getting the result on S^^X and then in extending it on the whole S'^X 
by applying the functor using lemmas I3.4.4[ 13.4.51 We now study in details the spectral sequence 
j*ff'9 = (j*Ef'«)®" for fc = 2. 

Proposition 3.5.1. For k = 2 the spectral sequence j*£^''^ degenerates at level £2- 

Proof. Taking 6„-invariants in ([Sll) we get j*£f''^ = j*{£f-'^)o. For g < 0, by remarkEXH (ff''^)o ^ 
only if < p < fc, 2(1 — p) < q < 0. We analyse complexes j*£i''^ for q = —1, —2. For q = —1 the only 
possibility is j*£i'~^. We prove that it vanishes. To do this it is sufhcicnt to prove that (i?^'^^)®" = 0. 
By lemma 13.1. 4[ it is sufficient to prove that i/0(J7", (£^1^"^)®") = for every affine open subset U of 
X. Since iEl''^)o = 0|/|=2 -^f ' ® ^/ have: 

6„ 



i70(f/",Lf ®iv;) 

J/|=2 

applying Danila's lemma [3.1.11 keeping into account that there is only one homogeneous componeni@ for 
the action of ©„, indexed, for example, by the multi-index {1,2}. Now Stabe„ ({1, 2}) 2± 6({1,2}) x 
S({1,2}). The factor (S({1,2}) acts on L12 with the alternant representation 62; it acts moreover 
fiberwise on with the representation £2 ffi £2- Therefore S({1, 2}) acts fiberwise on Lfj^ (gi N^2 with 
the representation ef^ (£2 ©£2) = id® (£2 ©£2)- Consequently there are no 6({1, 2})-invariant sections: 
hence H°{U'',Lfl ® N^^f'''''^''^^^^'^^^ = and j*£l~^ = 0. The remaining term j*£l~'^ is on the 
diagonal. This proves that the spectral sequence degenerates at level £2- □ 

Theorem 3.5.2. Let X be a smooth quasi-projective algebraic surface, L a line bundle on X. Let 

be the Hilbert scheme of n points on X, S"'X the symmetric variety and /i : X^"! » S^^X the 

Hilbert-Chow morphism. We have the exact sequence: 

(3.7) >- © K ® Clf" (ci Clf- >- 

Proof. The complex j*f ''"^ is the complex: 

{j*Cl ^ j*Cl)^" 

We know a priori, by the degeneration of the spectral sequence j*f ^''^ at level £2 and by the fact that the 
limit is zero above the diagonal, that this complex is exact in degree > and its cohomology in degree 
is j'*/i,(L["l (g) L["1). We show now that we have isomorphisms: 

Since j* is exact, it is sufficient to prove that we have isomorphisms on S'"X: 

{Cl®Cif- (i52.0)e„ (id^J)^ (Ci ®C°)®" 

By lemma [3.1.4l this is equivalent to proving that, for any affine open set U oi X we have isomorphisms: 
i?°(f/",C^^®Ci)®" — H°{U'\{El%f- ^ H°{U'\Ci®Clf" ■ 



'^there is only one ©„-orbit in the set of multi-indexes of length 2 
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where the arrows are induced by the arrows above. Now: 



1 ^6„ 



H''{U",L,®Lj) 



There are two homogeneous components for the action of (3„, since there are two 6„-orbits in the set 
{1, . . . , 7i} X {/ C {1, . . . , 7i} I |/| = 2}. They are indexed, for example, by {!}, {1, 2} and {!}, {2, 3}. 
Note that the stabihzer for the first couple is 6({1, 2}), while for the second is S({2, 3}) x 6({1, 2, 3}). 
Therefore: 



but now the second summand vanish, since S({2,3}) acts with the alternant representation S2 on ^23- 
Consequently: 

i7°(?7",C^ ®Ci)®" ^H°{U,L'^')(E>S"-'^H'^{U,Ox) • 
The same computation works for H'^{U",Cj^ ® C^)®". Finally: 

-1 e„ 

J/|=2 J 

because there is only one homogeneous component. Note that the action of 6({1,2}) is given by the 
representation ef^ = 1, hence trivial. Therefore: 

The induced maps are the identities. Therefore we have the wanted isomorphism. 
Consider now the complexes: 



A': 
B':0- 



(Cl (g, c 



U6„ 



(Ci®Ci)®" 



' 
. 



The complex j coincides, up to a shift, with the mapping cone of the natural morphism j*A* >■ j*B* 

Since we just proved that j*B is quasi-isomorphic to 0, then j*A' ~ j*£l''^. Therefore j*A' gives a 
resolution j (i'"' ) ~ > j*A' ; consequently, applying the functor we obtain an exact sequence: 

since, by lemma [?XTU1 j*j*{Cl «)C^)®" = {Cl ®C^)®". Now the map (5£ ® id)®" is surjective, since, 
applying lemma [5.1.4[ it induces the following surjection on the sections on affine open subsets U"". 

H"{U,L'»')^S"-^H°{U,Ox) 

-^^ H"{U, L®') ® S''-^H\U, Ox) ■ 

H'>{U,L)®' (»S''-^H°{U,Ox) 
Therefore we get the wanted exact sequence in the statement of the theorem. □ 

4. Exterior powers of tautological bundles 

In the previous section we studied the invariants C>5 • • • (8) lI"!)®" of the image of a tensor power 

of a tautological bundle, or, equivalently, their direct image /x*(L["] O ■ • ■ (8) L'"') for the Hilbert-Chow 
morphism /i. The reduction to the open set S"^X allowed to compute explicitely the invariants for 
k = 2. For higher k, however, it is still quite difficult to get informations from the spectral sequence 
j*£f''^ , for the simple reason that it does not degenerate at level £2- In this section we introduce a further 
simplification, the idea being to consider the fc-fold tensor power of tautological bundles L^"! (g) • • • ® L^"! 
as a 6 fc-equi variant bundle on the Hilbert scheme, for the action of &k that permutes the factors, and 
to decompose it in Schur functors S'^L^'^^. This method is effectively useful to compute the direct image 
of the simplest Schur functor, the exterior power A'^L^"!. 
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4.1. Derived Schur functors. Consider the category of finite modules over a commutative ring, or 
of coherent sheaves over a quasi-projective variety. The aim of this subsection is to describe how the 
group &k acts on the fc-fold tensor power C* (g) • • • (g) C* of a complex C, and to extend this action to 
the derived tensor power C* ®^ • • • (g)^ C; we will finally define general Schur functors of a complex of 
locally free sheaves and its derived version. 

Derived &k-action. The action of &k is fully understood once it is understood on consecutive transpo- 
sitions. For the double tensor power of a complex C* the right involution on C* ® C* is defined by 
i{u ® v) := {—ly^v M if M £ C, v G the sign (— 1)^' balances the sign in the definition of the dif- 
ferential dJ^.^fj. := ®p+q=n [dfc' ® '^'^ci + (— l)^idcp ® c^p.]- Suppose now that the complex C is right 
bounded. To extend this action to the derived double tensor power C ®^ C it suffices to replace the 
complex C by a 0-acyclic or projective resolution K' of the complex C and to take the involution just 
defined on K* ® K* . Consider now the fc-fold derived tensor power C* 0^ • • • (g)^ C* . If K* is an (X)-acyclic 
resolution of C*, the group 6k acts on the derived tensor product C (E)^ ■ ■ ■ (E)^ C ~ K' (g) • ■ • ® K' by 
permutation of the factors K* , where the action of a transposition on two consecutive factors is exactly 
the one described above. This action does not depend on the choice of the resolution K' . 

Remark 4.1.1. We want now to understand how the trasposition of two consecutive terms acts on the 
hyperderived spectral sequence 

(4.1) ii;r= Tor_,(C''\...,C'^) 

iiH \-ik=P 

associated to C (g)^ • • • ®^ C . In the following we will always consider multiple complexes L'- - '' with 
commuting partial differentials di ; the signs will be only introduced in the differential of the total complex 
totL*' --'*, which is defined, on the component by c? = ''^j- Consider now 

projective resolutions R^^' of the terms C*; form the double complex i?*'*, with commuting differentials 
d' and d": its total complex K* toti?'-' is a projective resolution of the complex C . The multiple 
complex i?*'* (g) ■ • ■ (g) i?*'*, /c-fold tensor product of the double complex i?'-', has commuting partial 
differentials 

d[ := id (gi ■ ■ ■ (g) id g) d' g) id g) ■ • ■ g) id d" = id g) ■ ■ ■ g) id g) d" g) id g) ■ • ■ g) id . 

i—l— times — times 

Consider now the following two multiple complexes, obtained by contracting partially this 2fc-complex. 
Let M*'^^^'* ^ ^ tlic + f-comp^x defined by: 

/llH Vhf,=q 

with commuting partial differentials d'-^^ := (-l)^^'d^ ; d^^ := (-l)^<=i»i Ej=i(-l)^^'^^^''*''''^j > where 
e'j = X]i=i ^'j — Y^iZi hi- Let moreover TV*'* be the bicomplex 

ilH Vik='P 

with commuting differentials d'-r — yi^^^-i {—^Y^d'-, . — yi5^_i (— l)^^^^^ d' and d''~, — d'!-,. Remark that 
the derived tensor product C* g)^ • ■ • g)^ C* ~ K' g) • ■ • g) K* coincides with the total complexes: 

K' ®---®K' ^ tot{R'-' g) • ■ • g) i?*'*) = tot(Af*'-'') = tot(7V*'') . 

The spectral sequence (|4.1I) is then exactly the spectral sequence ' E\''^{N''') := Hjj{NP'*) = 
©n+...+jfc=pi?('j,+i)(M''' - '''=''), associated to the double complex N''' (see [5, XVII, 2]). The com- 
plex E^''^ is exactly the complex tot H'^^^^^{M*'---''), where the cohomology Hl^^^^^^ is taken on the last 
component. 

The transposition of factors tjj^i acts on the term N^''^ with the involution Tjj^ mapping: 
ff~^ : R'^'^^ ■ ■ ■ ® R'^'^^ ® R'^+^'''^+^ (E) ■ ■ ■ (E) R'"''"' g) • • ■ g) g) i?*^'^''^' g) • • ■ g) 
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and defined by 

(4.2) tJ~^{ui (g) ■ ■ ■ (g) Uj (g) u-i+i (g ■ ■ ■ (g Uk) = (g---(g Uj+i (gUj (g ■ ■ ■ (guk ■ 

The map Tj~j+i is an automorphism of the double complex N''*: we deduce an action Tj~j+i on the 
spectral sequence ()4.ip above, exchanging the multitors: 

(4.3) "f^Ti ■■ Toi-g{C'\...,C'^,C'^+\C"') Tor_<,(C'^...,C"■^+^C*^C*'=) 

as the application induced induced in the g-cohomology by the isomorphism of complexes: 

defined by g^). 

In order to clearly interprete this action and to compare (j4.3l) with the permutation of factors 
Tjj+i in the multitor Tor_q(C"S . . . , C*^ , C*J+S . . . , C*'') studied in appendix [Ul where the terms C' 
are considered just as sheaves and not as elements of a complex, we introduce the more natural mul- 
tiple complex M*' - '*, defined as M*!' - '*'"'' := but with commuting partial differentials 
a;^^ = d'„ d'li := Ej=i(-1)^^'<- Consider moreover the double complex N'^', defined as: TVP-' := NP'^, 
d'jq = X]j=i(~l)^^^M ji ^'n '■— (^M- The multiple complexes M*^ - '* and M*' - '* are isomorphic via the 
isomorphism ip given, on the component R^^''^^ ig ■ ■ ■ ig i?*'=^'''=, by: — (— i)I]i=i ^j^; ; the 
isomorphism (p induces an isomorphism between N*'* and N*'*; moreover ip is compatible with the 
action of 6fc on TV*'* and TV*'*. The spectral sequence '£;['"' (iV*'*) is the same as '£;f '"^(TV*'*) and the 
isomorphism ip induces the identity at the spectral sequence level. The action Tj~j+i of the transposition 
Tjj+i on iV*'* is now clear: it exchanges 

: ffi'''! ® - • •®i?*^"'''^" (g)i?*^+i'''^"+i (g) - • •(g)i?*'=''"= <^ i?*i'''i - • ■0i?*^"+i'''j+i (g)i?*^'''^- - • ■(g)iT;*'=''"= 

and it is now defined by: 

(4.4) f^7+i("i <^---'^Uj(g Uj+i (g---guk) ^ i^-iyjh+i+'hhj+i^^ (g---(g Uj+i (gUj(g---(gUk . 
The action Ty^+i induced on the spectral sequence Ef''^ exchanges 

(4.5) ^5;^ : Tor_,(C'i , ■ ■ • , C"^^' ,---,C'') Tor_,(C^S . . . , 6"'^+^ , . . . , C'") 

as the map induced in g-cohomology by the map of complexes: 

(M*i'-'*^'*^+i'-'''"*,4/) " (Ari'-''j+i'»^'-'*'»'*,(iM) 

given by ()4.4p . It is easy now to compare the actions Tjj+i and Tjj^i, since the complexes 
gj//^^ g^j^j ^/^^ above are tensor products of resolutions i?*''* of 

and are exactly the complexes used in appendix \C\ to compute Tjj+i: the sign (— l)''j'*i+i in the 
definition (|4.4p coincides with the action of while the sign (— 1)*j*j+i is due to the compatibility 

with the differential d'j^, because we are considering the terms C*' as terms of the complex C*. As a 
consequence the action tjj+i on the spectral sequence E^''^, exchanging multitors in (|4.5p . differs from 
the action Tjj+i, considered in appendix [Cl for the sign (— 1)'3'j+i: 

Derived Schur functors. Let be the irreducible representation of the group &k associated to the 
partition : i/i > 1^2 > • ■ ■ > t'/ of /c. On a quasi-projective variety M, on which &k acts trivially, a locally 
free 6fe-sheaf E decomposes as a direct sum of locally free subsheaves: E ~ 0^ V^g)l-Lomio^ [Vv®Om, E). 
Now, for every locally free sheaf 14^ on M, the fc-fold tensor power W'^ is naturally equipped with the 
Sfe-action that permutes the factors. We denote with S'^W the Schur functoi|^, associated to the partition 
V of k: 

S^W :=Home,(K«)OAf,M^^') ^ {W®' 'gV^)'^" . 

*'The irreducible representation Vv is isomorphic to its dual V* , since any irreducible representation is determined by 
its character and since, by Frobenius formula ([16). 4.10), the character of Vu is real 
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Consider now a complex of coherent sheaves C* on M and K* a locally free resolution of C* . Let us 
form the /c-fold tensor power: P* = K* ® ■ ■ ■ ® K* . We can decompose the complex P' as: P' — 
® Homefc(K ® Om,P')- We denote with S^C e T>-{M) and we call it the derived Schur 
functor of the complex C , associated to the partition v, the complex 

SIC := Uome.iV, ® Om,P') ^ {P' ® K)®" • 
Its isomorphism class does not depend on the choice of the resolution K' . 

Remark 4.1.2. Suppose now that X is a quasi-projective variety with the action of a finite group 
G and that C" is a complex of G-equivariant sheaves on X, C G Dq(X). Then the 6fc-action on 
C* ®^ ■ ■ ■ ®^ C commutes with the diagonal action of G on C* ®^ • • • ®^ C", defined as the diagonal 
action on the complex K' (g) • • • (g) K' , where K' is a G-equivariant locally free resolution of C' . Wc then 
have a well defined G x 6k action on the derived tensor power C* ®^ • ■ • ®^ C*. 

Since tcnsorizing with V\ and taking invariants [— J®*" are exact functors, we deduce from [2?3T2l and 
13.3.11 the following corollary. Let A be a partition of k. The spectral sequence {E^'"^ (g) Va)®*" is the 
hyperderived spectral sequence associated to the derived Schur functor S^C^ of the complex C' and 
abutting to the cohomology HP+''{S^CI). Then: 

Corollary 4.1.3. The term {E^ g) Va)®*" of the spectral sequence {E^''^ g) Vx)®'' can be identified with 
the image of the Schur functor S'^iN for the BKR transform. As a consequence, the direct 

image /x*(S'^L["1) of the Schur functor S'^^L^^^ can he identified with the term £^{X) of the spectral 
sequence of invariants: 

of Ef'"^ g) Vx for the group 6„ x 6^. 

4.2. The exterior power. Let Ag = 1 + • • • + 1 be the partition of k associated to the alternant 
representation Sk of &k- In this subsection we will analyse the spectral sequence 

and, in particular, its restriction j*£f''^{X^) to the open set S"^X. By coroUarv 14.1.31 the term if^°(Ae) 
can be identified with the direct image /i*(A'^Lt"l) of the exterior power A'^L^"! for the Hilbert-Chow 
morphism. Remembering the notation introduced in remark [3.4.81 we indicate with £^'^(Ae)o the com- 
ponent: 

In coroUarv 14 . 2 . 251 we will prove that the spectral sequence j*£f''^{X^) degenerates at level £2- 

Remark 4.2.1. To prove the previous statement it will be sufficient to prove that for q < the complexes 
j*£'''^{Xg) — j*f '''(Ae)o, are exact in degree I ^ — q/2 -I- 1, by remark [3.4.81 Since j* is exact, this will 
be implied by the exactness of the complexes £''^(Ae)o for g < in degree I ^ —q/^ + 1. To prove this, 
by lemma [3. 1.41 it suffices to prove that, for q < and for every affine open subset U of X , the complexes 

(4.6) €•■":- [i/°(C/",(ii;r«)o®£fc)]®"'®'' 

are exact in degree I ^ —(7/2 + 1. 

The rest of this section will be devoted to prove this last statement. 
4.2.1. The comprehensive G x H -action. From now on we will make heavy use of appendix C. 

Notation 4.2.2. In the following we will indicate with G the symmetric group G := 6„, and with H the 
symmetric group H := &k. Finally, if A C {1, . . . , n} (rcsp. A C {1, . . . , fc}) we will indicate with G{A) 
(resp. H{A)) the subgroup &{A) of G (resp. of H) consisting of permutations of A. 
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Notation 4.2.3. Let a e Z', Z > 0. For brevity's sake, indicate with J^''«(a) the sheaf J^'-'''{a) := 
Ton -q{La(i), La(k))- Remembering notation 13.4.61 lemma fCSI and remark [C.8[ it can be identified 
with 

(4.7) :F''\a) :^ ® (g) if' ^ A'''(iV,;(,) ® pO ® Lf^^^ ® (g) L^^^""^ . 
Set now i^'^9(a) := H°{U'^,P'i{a)), where is an affine open set in X". 

Remark 4.2.4. We summarize here the comprehensive G x i/-action on the G x iJ-equivariant term: 

(4.8) (i?f'^)o = .^^^'(a) . 

The group G x H acts on the left on the set of indexes 2"^ by setting (cr, r) • a := crar"^. 

T/ie comprehensive G-action. An element a G acts on the equivariant term [E^''^)q above with the 
action induced by the G-action on the complex C* , explicited in remark [2. 2. 11 the element a carries the 
sheaf £a(i) to the sheaf L„a(i), introducing the sign ec^a(i)- The subgroup G'(/o(a)) hence acts with the 
representation £2 on the fibers of the sheaf Li^^^-^ over the diagonal A/p(-^); moreover it acts geometrically 
on the fibers of the conormal bundle , > with the representation £2 © £2 — ® S2- 

The comprehensive H-action. The group H acts on the term (i?2''^)o with the action induced by 
the action on the hyperderived spectral sequence £'f''', explained in remark [4. 1.11 Hence a consecutive 
transposition Tj^+i e H operates on (£'^'*)o via the automorphism Tj~j^, whose restriction to J-'P''^{a): 
Tjj+i : J^P'^(a) >- TP-'i{aT^j-^-^), for any a £ T\ is given by 

where Tjj+i is the permutation of factors considered in appendix [Cl the sign (— l)(l"(-J)l^i)(l'^0+i)l^i) is 
due to the fact that La(i) is a subsheaf of the term c|°^*'" ^ of the complex C^. 

Consider now a general permutation t of if, and let, as in notations of lemma lC.9[ <yQ{T), crj{T), for j e 

J(a), be the unique increasing bijections (To (r) : T(5o(a)) ^ S'o(a), o'j(r) : T{a^^{{j})) «- a^^({:/}), 

respectively; set /3o(t) := cro(T) o |5q(<j)' /'il'^) ° '^la-i({i})' ^^'^^^ permutations in 6p, 6\^{a), 

respectively; denote moreover with a{T) the automorphism induced by (3q{t) on A^^(A^j^.^^^^ ® Pp)- Then 
by what we just explained and by lemma fCOi once identified J-P'''{a) and J-P'''{aT^^) via |^.7p , the 
comprehensive action of an element t G H 

T:TP'i{a) J^f'«(ar"i) 

can be identified with the automorphism 



sgn(/3o(r)) ^(t) ® /3o(t) ® (g) [3,{t) G Aut(A-''(Ar*,(,) ® pp) 



where Pjir), j £ J(a) U {0} act by permutation of factors. 

4.2.2. Homogeneous components and stabilizers. We begin the study of the terms decomposing the 
G X i?-equivariant term H^{U", (£^f'^)o) in homogeneous components in order to use Danila's lemma 
to compute invariants. Let O be a G x _ff-orbit in J^: we define the homogeneous component Wq'^ as 
Wq"^ := ®aeo P^''^{o)- Therefore the term can be rewritten as: 

OelP/GxH 

Notation 4.2.5. Let K C G x H a subgroup of G x H. We will indicate with Ind^ £fe the representation 

of K induced by the alternant representation Sk of H via the natural morphism K >- H induced by 

the second projection. 



In these notations Danila's lemma [3. 1 .11 becomes: 
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Lemma 4.2.6. Let O e 1^ /G x H be a G x H -orbit in IP and let aeO. Then: 

Stabcxff (a) 



The classification of all the G x i/-orbits and the determination of stabilizers in all generality turns 
out to be an unnecessary technical computation, due to the following lemma; as a consequence, we will 
consider only some of the orbits, which will be called relevant. 

Lemma 4.2.7. Let O the G x H -orbit of an element a £ such that a\^^ fc}\So(o) ™^ injective. 
TheniW^" ^eu)^"" = Q. 

Proof. The hypothesis on a is equivalent to the existence of a jo £ J{o) such that |a^^({io})| — ^joi'^) — 
2. The group H{a^^{{jo})) is then a nontrivial subgroup of StabGxff(a)- Applying lemma 14.2.61 we get: 

H{a-\{j„})) 



£fe 



Now the group H{a ^{{jo})) acts nontrivially only on the factor TP'i(^a), by remark 

Since the representation Indg(„_i({j„})) = ex^^(a) and since (Lf^^'oi'^) «> eA,o(a))^^''"''^^""^ = 
A^^oi"-) Ljg ~ 0, the right hand side above vanishes. □ 

Remark 4.2.8. Let Zq :— {a G | a\^^ k}\So{a) injective}. The set Ig is G x iJ-invariant. We will 
call relevant the orbits in Iq/G x iJ; the other ones will be called irrelevant. 

Remark 4.2.9. By the preceding lemma we have only to classify relevant orbits. The G x if-invariant 

map t : Zq {0,1,2}, defined by a i |/o(a) n J(a)|, induces easily an injection t : 2^/G x 

H c — {0,1,2} at the quotient level; as a consequence relevant orbits O are classified by the value 
t{0) e {0, 1,2}. For a relevant orbit O, correspondent to the value t(0) — t, the relevant homogeneous 
component Wq'' is: 

t(a)=t 

The next proposition determines the stabilizer of an element in a relevant orbit. In what follows, 
for brevity's sake, where there will be no risk of confusion, we will write Sq, Iq, J instead of 6*0(0), 
Lo{a), J (a). 

Notation 4.2.10. If a G and i? C J, denote with A{R) the diagonal subgroup of G{R) x H{a^^{R)) 
given by A(i?) := {{a,a*a) \ a G G(i?)}, where a*a is the permutation of a~^{R) defined as: a*a := 
a~^aa. 

Proposition 4.2.11. Letael^. TheM 



StabGx//(a) = G(/o \ J) x H{So) x A(/o n J) x A(J \ la) x Gilo U J) . 

Proof. An element ((t, r) is in StabGx_f/(a) if and only if aa — ar. This implies that the sets Jo, J and, 
consequently, Lq C] J , Io\ J, J \ Lq, Lq U J are globally fixed by a; hence 



a ^ (71(72^3(74 e G(/o \ J) X G(/o n J) X G{J \ Iq) X G(/o U J) 

On the other hand we can always write r = tit' G H{So) x H{So), since 5*0 and So have to be preserved 
by T. Since ai, (74, ti are already in StabGxff(a), then we have: a'a = ar' , where a' = (72(73 G 
G(/o n J) X G(J \ /o). Suppose that (j'{i) = j, with i,j £ J such that {i,j} C /q n J or {i,j} C J \ /q- 
Then one has to have T'(a~^({i})) = a^^{{j}). Hence r' = a*(72(i*(73. This proves the lemma. □ 



''Here and in the following we set G(0) = H(d) = {!}. 
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4.2.3. Invariants. 

Notation 4.2.12. Denote with J^-^'^(a) the sheaves on X''\^o, X^"^'^, respectively, 

^l'«(a) :=Tor'_,(LA)® (g) L, ^ A'^iN^® pi) ® if ® (g) L, 

js/onJ jeian.J 

where A is the diagonal in X^o ~ X^. Therefore we can write: T'^^ia) 2± J'\;''{a) M ''(a) ^ -^3 "^(a)- 
Moreover, denote with Fl''^{a) the corresponding spaces of sections of J-\''^{a) over affine open subsets of 
the form C/^ that is, i^-'''(a) := i^O(C/^ J^-'^(a)), where s = /q, J \ /q, J U /q, if i = 1,2,3, respectively. 
Therefore, by Kiinneth formula: 

If a € Xq, Z = 0, the definitions of !F\''^{a) and F^''^{a) have still a sense if i = 2, 3. In this case we have: 
F°'i{a) = F^''^{a) ® F!^''^{a). It is clear that F^'^ia) = if q ^ 0. Finally we indicate with ^^■''(a) the 
invariants: 

a^'-na):=(F'''«(a)®lndf,,,^^^(„)e,) 
In these notations lemma 14.2.61 can be rewritten as follows: for a relevant orbit O and for any fixed 

Notation 4.2.13. Denote with Gi{a) the following subgroups of Stab^xH (a) isolated in proposition l4. 2.111 
Gi(a) := G(/o \ J) x H{So) x A(/o n J), G2(a) := A(J \ /o), G3(a) := G(ibTjJ). 

Remark 4.2.14. In the above notations, since the group Gi{a) acts nontrivially only on the factor 
Fl'''{a), we can write: 

(4.9) 3'-^ (a) = (g) (^;''^(a) ® Indg.(,) e^)'''^"^ 

1=1 

If Z - we have lO'O(a) = ® Indf,(,) efc)^^^") ® (i^3°'°(a) ® Ind^aCa) efe)^^^"^. 

Remark 4.2.15. Let a e T^, p > 0- It is clear that the Gi(a)-action on the factors F^''^{a) is induced 
by a natural Gi(a)-action on the sheaves !Fl''^{a). The G2(a)- and G3(a)-actions on !F^''^{a) and J-^'''{a) 
are clear. We explicit here the Gi(a)-action on J^''^{a) in terms of what explained in remark [4.2.4l 

• The group G(/o \ J), identified with &2-t, acts on !Ff''^{a), fiberwise on A C X^°, with the 
representation 



A ''(idc2 ig) £2-t <8i idcp~i) (8) £f_„t ^ idA-g(c2(p-i)) ® e 

• The action of the group A(/on J), identified with ©t, is trivial on the factor {^^gj^P,^ 1^ — ' 
on the other hand, the factors in G(/o H J) of the elements in A(/o fl J) act nontrivially on 
Tor'_^(LA): hence A(/o H J) acts on jrP'^(a) with the representation 



A '(idc2 (g) £t ® idcp-i) ® ef ~ idA-,(c2(p-i)) (g) 



,p-q 



• The i7(S'o)-sheaf JFf''(a) is isomorphic, as 6p-sheaf, to the sheaf A "^{N^ ® pp) (g) Cp. 

Hence, considering the comprehensive Gi(a)-action, the sheaf J-f''^{a) is isomorphic, as 62-t x &p x 64- 
sheaf, to the sheaf: 

Tf'\a) ^ A-«(iVA ® Pp) ® Lf ^' ® ep ® ® . 
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The terms We are ready to compute the invariants IlP'^(a). For g < even, / > 0, denote with ^j''"? 

the module: 

H"(U,L'^' ®Kx'''" )®A''-^H"{U,L)(x)S''-''+^-^H"{U,Ox) ■ 
El^O, set 5"^° = A'^H^iU, L) ® S^-^H^iU, Ox)- Remark that = if ? > fc. 



Proposition 4.2.16. Let a G Iq, t{a) = t. The term ^^•'^{a) is non zero only if p = q ^ or 
1 < p < fc, 2 — 2p < q < 0, q is even and < 



p even, < t < 1 
p odd, l<t <2 



In this cases we have 3P''^{a) — 

Proof. By remark |4. 2. 14[ it is sufficient to compute separately the factors in 

Step 1. The invariants (F|''*(a) ® Ind^^^^^ efe)*^^^"^ are very easy to compute since G3{a) — G{Iq U J) 
just permutes geometrically the factors and IndQ^^^-) efc = 1; then: 

(F|''^(a)®Indf3(,)£,)'''^"^ ^ [H\U,Oxf'^']^''^' ^S-~^+^'+'-^H\U,Ox) ■ 

Step 2. We pass now to the computation of the invariants (F|'*(a) (X) Ind^^^^^ efc)'^^^"). By Kiinneth 
formula ^^'(a) := H°{U^\^\^j^j\i„Lj) ~ H^{U,L)®^''"°\ The group A(J \ /q) acts on Ff« (a) just 
exchanging the factors; consequently, since Ind^^jy^-, £k ~ £|j\/(,|, we have: 

The computation done so far can be remade in exactly the same way for p = 0, considering /q ~ 0: it 
gives: aO'"(a) =y0'0. 

Step 3. We compute now the invariants (i^f '''(a) (X)Ind^^'-"'' eu)'^'^^"'^ ■ Remark that Ff''^{a) is the space 
of sections over of the sheaf J-'i''^{a), supported on the diagonal A, on which 6*1(0) acts trivially. 
Hence: 

The G'i(a)-invariants of the sheaf J-f''^{a) (X> Indg^^^-j Sk are now easy to compute, due to remark [4.2.15l 
Keeping into account that Indg^^^j-j Ek — Ind^f^g^-j Sk ® ^'^'^^{lanJ) — £p® £t, we have: 

By lemma fC. 5 1 the representation A^''(A^^ (E) Pp) has non zero 6p-invariants if and only if q is even; in 
this case, by corollarv lC.71 

which is nonzero if and only if < t < 1, p even, or 1 < i < 2, p odd. In these cases the invariants are: 

This proves the proposition. □ 

Remark 4.2.17. Note that, in the case of nonzero invariants 7^ ^^'^(a), both the groups G{Iq \ J) 
and A (Jo n J) act trivially on Ff ''(o) (g) Indf^(^-) Sk- 

Corollary 4.2.18. Let < p < k, 2(1 —p)<q<0,q even. If p is even the term 2;^'* is isomorphic to: 

p,, _ f © if < p < fc 

~ I 5^"'° if p = g = ■ 

Ifp is odd, we have: (£P'« ~ ^P+i-"? © 

Remark 4.2.19. Remark that = if k even, while, if A: odd, (S'^-i''? = e*^'? = 0. 
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The differentials gP^'? — > (£P+i.9. 

Remark 4.2.20. The map >- gP+i'? is the map of G x iJ-invariants of the map of sections: 

(4.10) / : FP'^ia) ® Sk FP+'^\b) ® Sk 



and is induced by the differential (-Bf''5')o ► (£;f+^''?)o. By definition of (£;f''')o and (-E;f+^''^)o any 

nontrivial morphism jFP^'?(a) >- JFP+i(6), whose map of sections fa^b appears in (|4.10p . has to be 

induced by a restriction Lj^ ► ^/o(a) ^'^^ S ^o('i)riJ(a), twisted by a sign coming from the definition 

of the differential 9^»^...,gc* ' "^tiich we will explicit later. Hence, if such a map jrp'«(a) >- T^^^ih) is 

nontrivial, this forces t{a) > 1, t{b) ~ t{a) — 1. Moreover, b has to be obtained by a in the following way: 
b{i) = ail), if i e {1, . . . , fc} \ a-Hbo}), h{a-\{jo})) = h{a). Hence h{b) = /o(a); J{b) = J{a) \ {j^]. 
Consequently: 

StabGxH(a) := i^CS-oCa)) x A(/o(a) n J(a)) x 62(0) x G^{a) 
StabGxH(&) := G((/o(a) \ J{a)) U Oo}) x H{S^{a) U a-^({io})) x 62(0) x 
Therefore, if p > 0, t{a) — 0, there are no nontrivial maps fa.b from FP''^{a) in (|4.10p . 

Remark 4.2.21. By the preceding remark and by proposition 14. 2 . l51 if p > is even and t{a) — 1 all 

possible maps FP''^{a) FP+^'*(6) induce the zero map between invariants. Consequently, if p > 

is even there are no nontrivial maps C^''? >■ 2;^+^'''. On the other hand, if p is odd the only possible 

morphism: = '^p+'^-i ®^p+'^^^ >. g-p+i,9 © g-p+a,'/ = (gp+i.-j are diagonal. We wiU indicate with at 

the morphism " 

Proposition 4.2.22. Let p be odd, Q<p<k — l,q even, —2p + 2 < q < 0, 1 < t < 2. The morphism 
of invariants at : 5^^+*'*? » :5(p+i)+(*^i)^'? is an isomorphism. 

Proof. The morphism at is induced by the G x iJ-equivariant morphism between relevant homogeneous 
components (see remark |4 . 2. 9^ : 

(4.11) f:^FP''^{a)^ek^^^ F^^+'^^ib) ® Sk . 

t(a)=t t(b)=t(a)-l 

Fix now a G Xq, with t(a) = t and b G 2^^^, t{b) = t ~ 1, such that the morphism 

fa,b ■ F'P''^{a) >- ^^+^'^(6) is non zero: it has to be of the form described in remark 14.2.201 We can 

decompose StabGxif(&) as a direct product StabGxff(&) — P x Q where Q = G((/o(a) \ J(a)) U {jo}), 
P = H{So{a) U {jo}) X G2(a) x G3(a). Now Q acts trivially on FP''^{b) ® Indf-^bcxifCb) ^k, by remark 
14.2.171 Moreover A(/o(a) n J(a)) acts trivially on FP''^{a) » IndstabGxj,(a) *^fe and Gi{a) = G,{b) for 
1 = 2,3. Hence: 

/ „ \StabGxff(a) / \ StabGxH(a)nStabGxff (fc) 

(FP''^(a) Indi,bGx«(a) = [F'^'i^) ® Indr,,,^^„(,) s,) 

Moreover, the hypothesis of lemma lR2l are verified: we obtain that the morphism /^^^^ of G x H- 
invariants of (|4.1ip coincides with \Q\ ■ f^ where f^ is the morphism of P- invariants of the map: 

/ : PP'^iga) Indf Sk PP'^b) Indf Sk . 

[g]fE-P/StabGxff (a) 

Now the orbit P/Stabcxff (a) of P in G x iJ/Stabcxi? (a) is in bijection with the cosets H{So{a) U 
{jo})/i?(S'o(a)). Keeping into account that Gi{ga) = Gi{b) for i — 2,3 and for all g G H{So{a) U {jo}), 
and decomposing each term as in remark 14.2.141 we see that the map f^ is induced by the map of 
i/(5o(a) U {jo})-invariants of the map: 

(4.12) Friga) e^+i . Pf ''(&) ® e^+i , 

[g]&H(So{a)ll{jo})/H{So(a)) 
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where here ep+i is the alternant representation of H{So{a) U {jo})- The map (I4.12p is in turn induced 
at the level of section by the map of ^^(5*0 U {jo})-sheaves on [/^"(a) ^ jj2. 

V ■■ ^riga) ® ep+1 ^^^^ Tf+'''ib) ep+i . 

[g]eHiSoll{jo})/H{So) 

The proposition follows from the following lemma and lemma [C. 61 point 4. We use notations lC.l.ll □ 

Lemma 4.2.23. The map of 6 p^i- invariants of the map rj can be identified, up to a sign, with the map 
of &p+i-invariants of the map: 

P+i 

(4.13) 7. : A-^A^i ® ® Lf . A-«(iVi ® p^+i) ® if , 

induced by natural inclusions Pp{i) » Pp+i- 

Proof. It is clear that it is sufficient to prove the lemma when L is trivial. We can identify U {jo} — 
{!,..., p+ 1} and 5*0 — {!,..., p}; hence H{So U {jo})/H{So) — &p+i/&p can be identified with 
{1, . . . ,p + 1} via the bijection carrying i to the class of any permutation 9i such that 6i{p + 1) = i. 
Hence, by lemma [B. II and remark [B. 31 the map of 6p+i -invariants 

: (^r(a)®£,)e. ^ (©ei.^rHr')®£p+i)''"' — {T^,+'^\b)<E>ep+,f''^^ 

is given by 

P+i 

i=l 

In notations IC.1.1|. we can now identify !Ff''^{a) ~ A^5(A^^ Pp(p + 1)) and !Ff^^'''{b) ® Sp+i ~ 
A^''(iV^ (g) Pp+i), as 6p and Sp+i-representations, respectively; moreover, the map rja^b identifies, up 
to the sign (—1)^ coming from the definition of differential^ ^c'm ' ^^'^ natural inclusion 7p+i, 
considered in corollarv lC.4l Hence 7y®p+i can be identified, up to a sign, to X^Si ^i7p+i(^)i which is, 
by remark [B.3[ the map of Sp-invariants of the map (|4.13p . □ 

The following proposition is now consequence of remarks I4.2.20( 14.2.211 and proposition 14.2.221 Con- 
sider the complexes 

concentrated in degrees -1 and 0, where ai and a2 are isomorphisms. Remark that they vanish if i > fc/2; 
moreover for k even, A'^jJ'^ becomes: A'fJ^^ — ^''•'^ °^ ► ^'^•'^ >- 0. 

Proposition 4.2.24. The complexes 2;*'* are isomorphic to: 

r r-"(B®^llAl'^[-22] tfq^O 



(^„,/2+l,, ^ ^-,/2+2,,)[+^/2 - 1] ® e-Zi,/4+3/2 ^'''[-2*] */ -2fc + 2 < g < 

and q = 2 mod 4 

e ■i%/4+i A'"' [-2*] tf-2k + 2<q<0 

and q = mod 4 

and i/ie?/ vanish elsewhere. Consequently, for q < 0, they are exact in degree p > —q/2 + 1. 

The following corollary is a consequence of remark 14.2.11 and propositions 14.2.241 
Corollary 4.2.25. The spectral sequence j*£i''^{X^) degenerates at level £2. 



®We recall that the differential rfji. „ acts on the term ^ . . . ^ ® C° ^ ^ . . . ^ , where C° is on the i-th 

t- ^ 25) . . . CyC 

factor, as (— l)*~-'id (g) . . . id (g) cf^g id (g) . . . (g) id. Hence the map ^^g-i j, : J^f'''iae-'^) jc-p>9(b) also be affected 

by this sign. 
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We can finally prove the following formula. 

Theorem 4.2.26. Let X be a smooth quasi-projective algebraic surface, L a line bundle on X . Let X^"! 
be the Hilbert scheme of n points over X and L^"! the tautological bundle on X^^\ naturally associated 
to the line bundle L on X . Then, for any < k < n, we have: 

(4.14) RAi*(A'^L["l) ^ (A'^Clf . 

Proof. The degeneration of the spectral sequence j*(?f'''(Aj) at level £2, corollarv l4. 1.31 and the fact that 
the limit of j*£f'''{X^) is zero above the diagonal, imply that the complex j*£''"(Ae) ~ j*(A'^C*)'-^ is 

a resolution of the sheaf j*/i*(A'^_L["l). Moreover, by proposition 14.2.241 the morphism ^ 

is zero; hence, by lemma [3.1.41 the morphism: j*£^''^(Xs) >- j*£l''^(X^) is zero. Consequently the 

complex j*(A'^C*)'^ is quasi-isomorphic to the sheaf j*(A'^C°)'^. Hence: 

Now, applying the functor j» and recalling lemmas f3. 4. 41 and 13.4.51 we get the result. □ 

5. COHOMOLOGY 

The aim of this section is to apply Brion-Danila-type formulas, found in the previous sections, to 
cohomology computations. In particular we will compute the cohomology of Hilbert schemes with values 
in the double tensor power LI"' (g)L["] of tautological bundles and in their general exterior powers A^L^'^\ 
We obtain analogous results for the cohomology with values in i^"! ® LI"! ® T>a and A'^L^"! ® P^, where 
Va is the determinant line bundle on X^"! associated to a line bundle A od. X. In this way we reobtain 
Danila's results [S] on the cohomology of a tautological bundle, we generalize her results on the double 
symmetric power |11] . and we give new general formulas for the exterior powers. 

5.1. Cohomology v^rith values in the double tensor power. Recall that we indicate with G the 
symmetric group 6„. The short exact sequence p.7p : 

. /i,(iN^iM) . {Cl®Clf {Cl®Clf . 

and the fact that i?*/i*(L["l ® il"!) — for i > induce a long exact cohomology sequence: 

(5.1) ... . iJ*(x["l,L["l ®l["1) H^{X",Cl®Cl) 

— - i75(A:",ci(g)C^) — - ij*+i(A:["i,L["i (g)L["i) — - ■•■ . 

Now, with the same computations made in the proof of proposition 13 . 5 . 21 we get: 

H*c{X'',Cl®Cl) = H*{L^')®S''-'^H*{Ox)^H*{Lf'(x)S''-^H*{Ox) 
Hl.{X\Cl®Cl) = H*{L^^)®S''-^H*{Ox) 
The differential {dl id)<^ : (C^ Cl)^ ► (C^ ® Cl)^ induces the morphism: 

(5.2) H*{L^')(E)S''-^H*{Ox)^H*{L f' ®S"-^H*{Ox) H*{L'^') d) S"-'^H*{Ox) ■ 

We will prove now that it is an epimorphism: consequently the long exact cohomology sequence splits. 
It suffices to prove the surjectivity of the first component: 

Dl02 := H*{L'^') ® S'"-iH*(Ox) H*{L^') (g) S''-^H*{Ox) ■ 

Remark that the second component is induced by the canonical coupling: _ff*(L)^^ «- H*{L®'^). We 

begin by the following: 

Lemma 5.1.1. Let F be a line bundle on X . Consider, for /c £ N*, the embedding: 

(5.3) X X S^^'^X c — - X X S'^X 
given by {x,z) 1 *■ {x,x + z). The restriction morphism: 

Dp ■■ H*{F) ® S^H*{Ox) H*{F) ® S^-^H*{Ox) 
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induced by this embedding is given, for a G H*{F) and ui G H*{Ox), i — l,...,fc, homogeneous of 
degree pi, by the formula: 

1 

a ® ui ■ ■ ■ Uk >- — 1)^^J<' ^^^^^aui ® ui ■ ■ ■ tli ■ ■ ■ Uk ■ 

Proof. The embedding (j5.3p is induced by the embedding: 

X X X''-'^ c ^ X X X^ . 

{x,Zl,...,Zk-l) 1—^ {x,X,Zl,. . . ,Zk-l) 

The induced morphism in cohomology is given by: a ® ui ® ■ ■ ■ ® Uk *■ aui ® U2 ® ■ ■ ■ ® Uk- The 

canonical projection X^ S^X identifies wi • ■ • Ufc G H*{S^X) ~ S'^H*{Ox) with the element: 

of H*{Oxi^) — H* (Ox)'^'' , where e(j,pi,...,pt. is a sign depending on the permutation cr and on the 
respective degrees of Ui and it is characterized, in the graduated algebra C[ui, . . . , Uk] (where deg(ui) — 
Pi), by the relation: a{ui® - ■ -d^Uk) = Sa-.pi,...,pkUi'®- ■ -d^Uk- For the product of consecutive transpositions 
r = Ti.2 • • • Ti-i,i we have eT,pi,...,pfc = (— l)*^^3<i Pj)p\ The formula follows. □ 

Lemma 5.1.2. The restriction morphism Dp : H*{F) (g) S''H*{Ox) " H*{F) S''-'^H*{Ox) is 

surjective and has a canonical section. 

Proof. Let Ui G H*(Ox) be of degree pi, i = 1, . . . , k, a ^ H*{F). Let Xj be the morphism: 

Xj : H*{F) (g) S'H*{Ox) H*{F) ® S''~^H*{Ox) 

a ® ui ■ ■ ■ Uj I «- a ® ' '^'i ' ' ' 

k ~ j — l-timcs 

We have Afe_i = id, A_i = 0. Let Wi be the image of A^. We have the filtration: 

{0} = M^-i C Vl^o C • • • C Wk-2 C Wk-i - H*{F) ® S^-^H*[Ox) ■ 
Let now a be the morphism: 

H*{F) ® S^-^H*{Ox) — H*{F) ® S''H*{Ox) 

a®ui--- Uk-i I ► a ® 1 • ui • ■ • Ufc-i 

Remembering the expression of the morphism D from lemma [5. 1.11 we have the following relation: 

[Dp o cr){Xj{a ® ui- ■ ■ Uj)) ~ Dp{a ® • ui---Uj) 

k — j-timcs 

k-j 

= — - — a® >i_^_i ' ui---Uj + 

k — j — l-timcs 
j 

+ ^ Clauh ® • ui - ■ - Uh - ■ ■ Uj 

^—1 k — j-times 

k — j 

— — - — Xj{a ®ui--- Uj) + V 

where v G Wj-i, for some rational constants C/^. This means that, indicating with ^ the endomorphism 
o cr of H*{F) ® S^^^H*{Ox) we have: ~ {k - j)/k) (Wj) C W-j-i, which implies: 

Consequently, 5* is invertible. Therefore Dp is surjective and has a canonical section. □ 
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A consequence of this lemma is that the kernel oi Dp is isomorphic to a direct factor of the image of a. 
The next lemma allows us to characterize such a direct factor. 

Lemma 5.1.3. Let a d X be a point of X . Consider the morphism: 



id®iy: H*{F)®S''H*{Ox) ► H* {F) ® S''~^ H* [O 



X 



where v is the morphism induced in cohomology by the inclusion ^X c — » S^X given by z I >- a + z. 

Therefore \d®v is surjective and its kernel is isomorphic to the kernel of Dp. 



Proof. The morphism id ® ;^ is given by: 

k 

k 



id ® v{a ®ui--- Uk) = ^(^1)'^^^' ^^^^^aui{a) ® wi • ■ ■ Ui • ■ • Ufc . 



i=l 

We know that Uh{a) = if deg Uh > 0. Therefore, if we denote with the endomorphism id Cg) o ct of 
H*{F) S''-^H*{Ox), we have: 

^{Xj{a (gi ui ■ ■ ■ Uj)) — (id (g) i^) (a (g) ' ui---Uj) 

k — j-times 

k-j 



k 



-\j{a ui • • • Uj) + V 



where v € Wj-i. Therefore - (fc - j)/k^ [Wj) C Wj-i and we have again for 5* the relation: 

3=0 \ ^ 

which implies that ^ is invcrtible, that id®v is surjective and that Ima is a direct factor of ker(id(8)i^). □ 

The immediate consequence of the previous lemma is that: 
(5.4) kerD^F ~ ker(id ®v) ~ H*{F) ® keri/ . 

Now it is an elementary fact that if VF, Z are three vector spaces, not necessarily of finite dimension 

over a field k and \i F = [f , g) : V ®W Z is a linear map such that the component / is surjective, 

then kerF ~ ker/ © W. This fact and equation (|5.4p applied to morphism (|5.2p yield: 

Theorem 5.1.4. Let X be a .smooth quasi-projective surface. Let a be a point in X . Let J be the kernel 
of the morphism: S"'~^H*{Ox) ^ S^^^^H*{Ox), induced by the morphism: 

S'^-^X 

X I a + X 

We have the isomorphism of Ij- graded modules and &2-representations: 

i7*(X["l,L["l ~iJ*(L^')® J^0i?*(L)^' ®S'"-2^*(Ojf) . 

We introduce now the determinant line bundle associated to a line bundle A on the surface X. 
Consider the bundle A^" := A^ ■ ■ ■ M A on the product X". By Drezet-Kempf-Narasimhan lemma [T51 
Theoreme 2.3], it descends to a line bundle A^ /©„ on the quotient X"/6„ ~ S^X. 

Definition 5.1.5. We call determinant line bundle Va on the Hilbert scheme Jfl"! the pull back of 
A^" /&n for the Hilbert-Chow morphism: 

Va :=A^*(A^7e„) • 

Tensorizing the short exact sequence p.7p with Va and taking the cohomology, we get: 
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Theorem 5.1.6. Let X be a smooth quasi-projective algebraic surface and L, A be line bundles on X . 
Then we have the long exact sequence: 



H 



?)A)®S''-^H*[A) 

— e 

H*{L(^A)®'(^S''-^H*{A) 



The two components mi and m2 of the map m are given by: 

^ n — l 

mi (a (g) Ui • • ■ Un-l) = aUi ® (_l)(5i:j<i Pj)Piy^ ■ • ■ Mi ■ • -Un-l 

n—l ^ — ' 

i=l 

where a £ H*{L®'^ ®A), /9,7 G H*{L®A), ui, . . . ,Un e H*{A), with Ui of degree p^ andv G S'^^^H*{A). 

Proof. With a completely analogous computation as the one done in the proof of theorem 13.5.21 we can 
compute: 

H*{X", {Cl ® Cl) ® A^)^ = H*{L®^ ® A) S'"-ii7*(A) A)®' ® S"-^H*{A) 



H*{X", {Ci ® Cl) (g) A^)^ =i?*(L^ 



The expression of the map mi can be computed exactly as in the proof of lemma [5.1.11 the expression 
of m2 is evident. □ 

5.2. Cohomology with values in exterior powers. By theorem 14.2.261 by definition of T>a and by 
the projection formula we get: 

R/i,(A'=i["l ® Va) = {A^'Clf A^76„ , 

generalizing Brion-Danila formula for all k (see prop. 6.1]). We have the following formula for the 
cohomology of the general exterior power A'^lI"!, twisted by the determinant Va- 

Theorem 5.2.1. Let X be a smooth quasi-projective surface and L, A be line bundles on X . Then: 

A'^il"! ® Va) = h^H*{L ® A) ® S'''-''H*{A) . 

Proof. 

Rr;fH(A'=i["l = RrsnxoR^,(A''-iN^p^) 



RFc 

RT'^^{A''Cl(^A^ 



Rr 



6„X6. (^(^0). 



Then, by Danila's lemma and Kiinneth formula: 



H*{L^A)^ ^Sk 
K^H*(L ®A)® S"'~''H*{A) 



H*{Af 



□ 
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Appendix A. The Cech complex for closed subschemes 

We prove here, under some reasonable transversality hypothesis, the existence of a Cech-type resolu- 
tion for a finite scheme-theoretic union of closed subschemes of smooth scheme: it can be thought as a 
generalization of the Chinese remainder theorem. We need the following lemmas. 

Lemma A.l (Peskine-Szpiro, Kempf-Laksov [2i, lemma 7]). Let (^,m) be a Cohen- Macauley noetherian 
local ring and I C A an ideal. Let 

K° . . . X" ^ 

be a complex of free modules. Suppose that Supp(i4r') := Ur=i Suppi/'(iir*) C V{I). Then H^{K*) — 
for all i < ht(/). 

Lemma A. 2. Let (^,tn) be a noetherian regular local ring, Mi, . . . , finite Cohen- Macauley modules 
over A. Let 



/ k \ 

codim Mi ] — codim Mi 
\i=i ) 



c{Mi, Mk) := ^2_, codim Afj ) - codim Mi (g) . . . » M^ . 
Then Toii{Mi, Mk) ^ for i > c(Mi, . . . , Mk). 

Proof. The lemma is an easy consequence of Peskine-Szpiro lemma and the existence, for the Cohen- 
Macauley modules M,;, of finite free resolutions of length equal to the codimensions codim M^, by 
Auslander-Buchsbaum formula [23 Theorem 19.1]. For every module Mj let's take its finite free resolu- 
tion B* >- Mi «- 0, written: 

R"^ Rl . . . ^codimM. ^ j^^ ^ Q 

We can then compute Tori(Mi, . . . , Mk) as the cohomology of the total complex: R' := i?i* (g) . . . (g) i?*. 
Now R* is a finite complex of free modules of length I = codim M^ and, for all i, Tori(Mi, . . . , Mk) = 

is supported in Supp(Mi (g) . . . (g) Mk) = y(Ann(Mi (g) . . . (g) Mk)). Therefore by Peskine and 
Szpiro lemma, = for ^-i < ht(Ann(Mi (g) . . .(g)Mfe)), that is if i > ;-ht(Ann(Mi(g). . .(g)Mfe)). 

Now for a noetherian regular local ring, ht(/) = codim = dim A — dim A/ 1, and this implies the 
result. □ 

Let / C {1, . . . , We will indicate with / the complementary of / in {1, . . . . I}. If Mi, . . . ,Mi are 
modules on a ring A, we will indicate with M/ = (gi^jMi, with Tori(M/) H^'^{(g)^^jMi) and with 
c(M/) = c(M,, , . . . , M, J if / = {ii, . . . , ih}. 

Proposition A. 3. Let (A,m) be a noetherian regular local ring and Mi, i — 1^ . . . ,1, Cohen- Macauley 
modules on A. Consider the exact sequences: 

Ni E, Mi 

where Ei are free A-modules. Let K* be the complex (in degree and 1): K* :— Ei ^ Mi >- 0. 

Suppose that c{Mi, . . . , A/;) = 0. Then the complex K' := ®iK* : 

" ®Li e^^i M, (g) E}^ ®|/|^2 Mi(E)Ej . . . ®^^i M, 

is a right resolution of the module (g>'^i-/Vi . 

Proof. We first prove that for all C {1, . . . , ^} one has: 

(A.l) 0<c{Mh) <ciMi,...,Mi) . 

To prove the first inequality it is not restrictive to take H = {1, . . . ,1}. Now, embed X Spec (A) into 
a' with the diagonal immersion i : X c — «. xK On A' we have: codimx' (AfiH- ■ - ^Mi) — J^i codim M^. 
Then, since Mi g) . . . g) M/ = i*(Mi ■ • ■ Kl M;), in the identification given by i, Supp(Mi (g) ■ ■ ■ (g) Mi) = 
A n Supp(Mi • • • Kl Ml) and since X is a smooth scheme: 

dim A n Supp(Mi Kl • • ■ S M/) > dim A + dim Supp(Mi K ■ • • K A/;) - dim A' , 



TAUTOLOGICAL BUNDLES ON HILBERT SCHEMES OF POINTS 



34 



which imphes codimx(Mi (g) • ■ • ® M;) < codim Mi. To prove the second inequahty, we have, because 
of the first inequality in (lA.ip : 

I 

c{Mi,...,Mi) = codim - codim(Afi (g) ■ ■ ■ (g) Mi) 

> c{Mh) + c(A%) > c{Mh) . 

Now, to prove the exactness of the complex g)\^iK* , remark that, by lemma [5121 and by the inequality 
the hypothesis c(Mi, . . . , M;) = imphes 

(A.2) Tori(Mif)=0 V 7^ i? C {1, . . . , ;} , Vi > . 

The complexes K* are right resolutions of the modules Ni. Consequently, Tor -q{Ni, Ni) = 
H'^{g)fK'). On the other hand the cohomology RP'^'' {(gf K*) is the limit of the fourth quadrant spectral 
sequence: 

:= ©,,+...+,,^,Tor_,(Xi\ . . .,Ki') . 
Since X° is acyclic for all i because free, the term £'f becomes a direct sum: 

EP'" = ©|ff|=pTor_,(MH) Ejj . 

The vanishing (|A.2|) imphes Ef''' = for aU q < 0. Note that the complex is exactly ®\^-^K*. 
The spectral sequence degenerates at level E2; then E^^ ~ E2' = Tor_p(A^i, . . . , iV;) = if p > and 
i?^ ~ £"2'" = hence the complex (Eil^^K' gives a right resolution of the module ®'^i-/Vi. □ 

Corollary A. 4 (Chinese Remainder Theorem). Let {A,m) be a noetherian regular local ring, and let ai, 
i = 1, . . . ,1, be ideals of A such that: 

(1) the modules A/ai are Cohen- Macauley for all i 

(2) hteLi"0 = EUht(a.). 

Then n'^j^a^ — Y[i=i '^i '^'^'^ ^f^^ complex {IC*,d'), defined by 





iGJ 

where ei_j = (— l)Hi''S'''''<'}^ is a ri^/if resolution of the module Aj n'^j^ a^. 

Proof. The result follows by applying the preceding proposition to the complexes A >■ A/ui ^ 0, 

keeping into account that the second hypothesis is exactly the condition c{A/ ai, . . . , A/ai) = 0, since for 
a Cohen-Macauley ring the height ht(/) of an ideal / is the codimension of the module A/I. □ 

Appendix B. Danila's lemma for morphisms 

We extend here Danila's lemma 13.1.11 to morphisms. Let /, J be two finite sets with a transitive 
action of the finite group G; let moreover M, N be i?[G]-modules with decompositions M — (BieiMi, 

N = (Bj£,jNj compatible with the G-action, in the sense of subsection 13. II Let / : M N a map of 

i?[G]-modules; writing / as a sum / = ®i,jfij, the G-equivariance is equivalent to fg(i).g(j) ° 9 = g ° fi.j 

for all i E I, j ^ J, g ^ G. Danila's lemma allows to identify the map of invariants f'~^ : M'^ «- N'~^ 

with a map: 

j-G . ^|-StabG(io) ^ ^StabG(jo) 

•' ' io jo 

In what follows we will always assume that f and that (jo, jo) is chosen in a way that fi„j„ 7^ 0. 
Making identification^ / ~ G/StabG(io), J ~ G/StabcOo) we have: 



'^Here and in the following, if X is a subgroup of G, not necessarily normal, we will consider G/K just as the set of 
(left) cosets, with the natural (left) G-action 
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Lemma B.l. The map : AfS'^^GC^o) ^ ^stabcOo) ^^^^^ j^y. 

(B.l) /«H= J2 f9M,j9u). 

[g]eG/Stab(io) 

Proof. The identification Mf^'^*""^*"^ ~ Af^ is given by u i E[g]eG/stabG(»o) Therefore, applying 

/ and using G-equi variance, we get: 

[g]GG/StabG('*o) [hleG/StabcOo) seG/StabG(io) [hJeG/StabcOo) 

since the the sum w = X][g]eG/StabG(io) -^''"^sC'o) jo C'-^^ff'") does not depend on h, because the map 

[g] >- [/i^^g] is a riparametrization of the set G/Stabclio)- We have now only to prove that w is 

StabG(jo)-invariant. But the only effect of ft, G StabcOo) on w is again to permute the order of the 
summands in the expression of w: hence w is StabG(jo)-invariant and is identified with f^{u). □ 

Let now Ki,K2 subgroups of G. The group Ki acts on the cosets G/K2- Denote with K1/K2 the 
orbit of [e] in G/K2 for the Ki -actiorf^. It is clear that Stab if Je] ~ fCi n K2. 

Lemma B.2. Consider the G-equivariant morphism f : M >- N . Suppose that StabG(j'o) decomposes 

in a direct product StabcQo) — PxQ, with Q acting trivially on Nj^ . Suppose moreover that fg(ig)jg = 
*/ [5] ^ StabGOo)/StabG(io) CL^d that 

^StabG(io)nStabG(io) _ ij-Stabc (io) 
io »o 

Then the map of invariants f^ can be identified with \Q\ ■ f^, where f is the P-equivariant map: 

[g]eP/Stab(io) 

Proof. By the hypothesis on / and by lemma IB.l) it is easy to see that f'-^ coincides with the map 
j-j/-jStabG(jo) of StabG(jo)-invariants of the StabG(jo)-equivariant restriction: 

[g]eStabGOo)/StabG(io) 

Therefore it is sufficient to identify (_f')StabG(io) -^jth IQl-f-^. Decomposing the expression of /' according 
to the decomposition of StabG(jo) P x Q, we can rewrite: 

M,,(,„) — iV,„ . 

[fe]eStabGOo)/P [g]eP/StabG(io) 

Now, since the P and Q actions commute, we can take first Q-invariants, and then P-invariants. Remark 
that Q acts freely on Stahcdo)/ P ~ Q and therefore permutes the components of the direct sum indexed 
by StabG(jo)/^'- Therefore: (/')StabGOo) jg given by 

(^/)StabGOo)(„) ^ {{f )Qfiu) = ^ A: faM.joig^) 

keQ [g]eP/StabG(io) 

^\Q\ E faM,M = \Q\-f''i^) 

[g]eP/StabG(io) 

since Q acts trivially on Nj^, where u G Aff^*'"'"''^'''^'^^ = ^^stabG(io)^ □ 

Remark B.3. In the notations of lemma IBT| if J = {jo}, and hence StabcOo) = G, we can rewrite 
(IRTI) as: 

geG/StabG(»o) 

This applies to the map / in lemma [B. 2 1 



10 



Remark that the orbit K1/K2 is in bijection with the cosets Ki/Ki n K2 
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Appendix C. Permutations of factors in a multitor 

Notation C.l. Let Sq, . . . , Sh be a partition of the set {!,...,/}. Let X be an algebraic variety and 
Ei coherent sheaves on X, i ~ 0,...,h. We will denote with Tot^"''"'^'^ {Eq, . . . , Eh) the multitor: 
ToT^g"-'^''iEo,...,Eh) :=Tor,(Fi,...,FO with = if j e S,. 

Let F be a smooth subvariety of codimension r of a smooth variety X and let i : Y c ► X be 

the closed immersion. Denote with Ny/x the normal bundle oi Y in X. Consider the line bundles 
L, El, . . . , Eh on X. Let Ly be the restriction of the line bundle L to the subvariety Y. It is clear that 
the multitor Tor^"' "'"^'' (iy, Ei, . . . , Eh), where {Si}i is a partition of {1, ■ . ■ ,1}, does not depend on the 
order of the factors and it is always isomorphic to Tor^'^"' (Ly) (^f^^ Ef^^^\ in the notations of 13.4.61 
However a permutation of factors in the multitor acts as an automorphism, which we are interested in 
studying. 

Remark C.2. In all generality, if Fi are coherent sheaves on a smooth variety X and if R* are locally 
free resolutions of the sheaves Fi, then the action of a consecutive transposition Tjj+i: 

: ToTgiFi, . . .,F,,F,+i ...,Fi) ► Tor,(Fi, . ..F,+i,F,, ...,Fi) 

is given by the action induced in (— (7)-cohomology by the morphism of complexes: 

T~}^ : i?' ® • ■ • «) i?' (g) (g) • ■ • ® i?f " i?' (g) • ■ • ® (S) R' R' 

defined as Tjj^{ui®- ■ -(gMjgjUj+i®- • -(g-u;) = {—l)'^^'^^+^ui(ii- ■ -(gUj+i^Mj®- • -(gu;, where £ R'^- 

C.l. Action on a pure multitor. We suppose first that 5^ = 0, for z = 1, . . . , ft,: we are in the case of 
the "pure" multitor Tor^(Ly) := Tor^^' "'''^ (Ly)- The following lemmas explain how 6/ acts permutating 
the factors on a multitor of this kind and what arc the invariants for this action. 

Notation C.1.1. Let Ri ~ C' and pi be the natural"! and the standard representations of re- 
spectively. Let Ci the canonical basis of Ri. Denote with 1 < i < I, the vector space 
Ri-i(i) := Ri/ < Ei > ~ '^i<j<i j^i'^^j- It is isomorphic to the natural representation of 6;-i and 
it splits in = 1 ® where is the standard representation of 6/_i, embedded in 
Ri-iii). We will indicate with cr; and cr;_i(i) the elements ct; = = Si<j<(j5^iCj; 
will call them the canonical elements of Ri and respectively. They are invariants for the action 
of &i, S/_i, respectively. 

Lemma C.3. We have an isomorphism of &i-representation^^: 
(C.l) Tor;(Ly) ~ A«(A^;-/^ <E> pi) ® Lf' . 

Proof. Suppose that L is trivial. We first verify the statement locally. Suppose Y is the scheme of 
zeros of a section s of a vector bundle F of rank r, transverse to the zero section. Consider the Koszul 
resolution K* := K*{F, s) of the structural sheaf Oy. The Koszul complex K*{F g) Ri, s ig) ai) is 6;- 
isomorphic to the tensor product K* g) ■ • ■ g) K* and consequently its (— g)-cohomology is ©j-isomorphic 
to Tor^(Oy). On the other hand, consider the Koszul complex K'{F g) p;, 0); we have the isomorphism 
of ©(-representations: 

K'{F g) i?;, s g) ai) — K'{F, s) g) K'{F ® pi,0) 

where 6; acts trivially on K*{F,s). Since K'{F ® pi,0) is a complex of locally free sheaves with zero 
differentials, we have: 

(C.2) H-'i{K'{F®Ri,s®ai))^ H\K' {F, s)) ® [F ® pi,Q) . 



^^This means that S; acts permutating the vectors of the canonical basis in i?; 

^^the symmetric group acts here on both factors: on the first via the standard representation, on the second permuting 
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Consequently we obtain an isomorphism of &i- representations: 

(C.3) ToT^iOy) ^Oy® h-^iF* ®pi)~ A'iN;./^ ® pi) 

because ~ Ny/x- It is easy to verify that the isomorphism (|C.3p does not depend on the choice of 
the vector bundle F and on the section s; moreover, the local isomorphisms glue together and allow to 
define the above isomorphism globally. 

If L is not trivial the lemma is an immediate consequence of what we just proved, together with the 
fact that a locally free resolution of Ly is provided by the complex: K' (3 L. □ 

Let i e {1, . . . , Z}; denote with {i} the complementary of {i} in {1, . . . , Z}. 

Corollary C.4. The natural map: 

rf-W(Ly,L):^Tor,( 



(C.4) Tor{'>'{'>(Ly,L) ~Tor,(Ly,...,Ly,L,Ly,...,Ly) ► Tor,(iy, 



times /-j-l — z— times times 

induced by the restriction L ^ Ly, can be identified to the natural map: 

induced by the inclusion pi{i) — ► Pi+i- 

Proof. It is clear that it is sufficient to prove the statement for L trivial. As in the proof of lemma [UTSl 
we have: Toil'^'^'\Oy , Ox) ^ H-i{K*{F ® Ri{i), s (g) ai{i))), in notation [GTH The natural map: 

ToTp-^'\Oy,Ox)^H-'^iK'{F<g>Ri{i),s®ai{i))) '-^ R-^K' (F (g> Ri+i, s ® ai+,)) ^ Tor'+^Oy) 

is induced by the inclusion Ri{i) ^ — »- Ri^i. This inclusion yields the inclusion pi{i) ^ — >- pi+i] hence 
the natural map above can be identified, by (jC.2[) and (|C.3p to the inclusion: 

7, : A«(A^;-/^ pi{i)) ~ Oy A-^iF* ® pi{i)) Oy ® A%F* ® pi+i) ^ A^^Np/^ ® . 

□ 

We come now to the computation of the 6fe-invariants of the representation (jC.ip . 

Lemma C.5. Let V be a vector space of dimension 2 and consider the GL{V) x 6fc- representation 
A'^ {V I® pk) ■ It has &k-invariants if and only if q — 2h, 3h G N; in this case the invariants are isomorphic, 
as a GL{V) -representation, to the Schur functor Sh,hV — (A^V^)®''. 

Proof. The dimension of the space of invariants is given by the scalar product 

(C.5) dim A9(T/ pk)^" ^ (xA.(y®p,), Xi) 

between the character of the representation A'^{V O pk) and the character of the trivial one. Now we 
have: 



A«(F ® Pk) ~ A«(pfe © pfe) = AVfc ® A'-Vfc ; 
hence the scalar product (jC.Sp becomes: 

dimA^iV^pk)^" =^(xav.,Xa«-pJ ■ 

i=l 

U i q — i, then A*pfe, A'^~^ pk are different irreducible representations of and (xA^pk^XAi-ip^) = 0. 
In the case i — q ~ i, which yields q — 2i, we have {xAi(v^pk)j Xi) — 1- This proves the first sentence. 
Consider now the isomorphism of GL{V) x (3fe-representations (see [111 ex. 6.11]): 

A^iV ®pk)^^S^V®S^'pk 
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where A' denotes the conjugate partition to A and where the sum is on the partitions of q having at most 
dim V rows and dim pk columns. The invariants are: 



(C.6) 



A 

It means that if dimA'(F®Pfc)®'° = 1, then [S"^ Pk]'^'' is non zero for only one partition Aq with at most 
2 rows and k — 1 columns, and in this case both S^''V and [S'^op^.'^^k have to be of dimension 1. Now 
the dimension of a Schur functor is given by the formula (see [161 theorem 6.3]): 



dim 5^1/= Yl 

l<i<j<k 



Imposing that dim S^°V — 1 forces A^ = Aj for all i and j . Since Aq can have at most 2 rows, this means 
that Ao has to be of the form Ao = + h, for h e N. Now the Schur functor S^-^V embeds in {k^V)'^^ 
(see [121 problem 6.15]), but the two vector spaces have the same dimension, hence the result. □ 



Lemma C.6. 



(1) Letu,v he a basis ofV. Consider the &k-invariant bivector 



k 

E 

i=l 



uci A vei G A^(T/ Rk) 



and let lJ- e A^'(V^ Rk) Us l-th exterior power. Consider the projection: tt^'' : Rk 
I < I < k — 1, the image uif''' oj uj^ / {I + 1)! in h?^{V ® pk) is nonzero. 
(2) Let i G {1, . . . fc}, and Gi — Stabei,{i}- The projection 



Pk- If 



(fi -.V Pk ■ 

induced from the projection from tt^ : Rk 



V Pk-iii) 

Rk-i{i), is Gi-equivariant and for 1 < I < k — 2 



-Rfc-l(i) 



the image of * for the projection A ipi is exactly lo^ 

(3) The & k-equivariant map A'^{V ® Pk) ^ A'^{V ® pfe-i(i)), induced by the natural pro- 
jections Pk pk-i{i), gives an isomorphism between the &k-invariants. 

(4) The & k-equivariant map ®*L]^ K'^{y®pk-i{i)) *■ K'^iV^pk), induced by the natural inclusions 



Pk-i{i) 



Pk, gives an isomorphism between the &k-invariants. 



Proof. 1. We can restrict ourselves to the case I — k — 1. We have: 

, fc-i 




A;! 

where uci A vci indicates 

uei A vCi — uei A vei A 



— > uCi A vei 



— {k - l^.y^^uefAvei 

1=1 



A uci-i A wej_i A ue^+i A f e^+i A ... A uck A vck 



We now remark that the projection A'^'^~^(id 7r)(wei A vci) is nonzero and always the same for every z, 
since {V ® pk) is the trivial ©^-representation; therefore the projection of uj^^^ /k\ on {V ® pk) 

is A^'^^^(id ® 7r)(uei A wei), that is, a volume element in h?'^^'^{V ® pk). 
2. The statement is evident once remarked that the commutative diagram: 

A^V- 

h^\V ® Rk) 2- K^\V (g> Rk-i{i)) 



K'\V®pk) 



1 A 2/ 



k'\V ® pk^i(i)) 
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is Gi-equivariant for I < k ~ 2, since the diagram: 



y ® i?fc ^ i?fe-l(z) 



V ® Pk V ® pk-i{i) 
is G-equi variant. 

3. The 6fc~invariants are both 1-dimensional vector spaces, by Danila's lemma [3.1.11 and by lemma 
IC.5[ therefore it suffices to prove that the map between invariants: 

n Sfc 



^K''{v<^Pk-m 



is non zero. This reduces to the following easy consequence of points 1 and 2. Consider the Sfe-equivariant 
diagram: 




^'\V®Pk) 



'^^K'\V ® pk-lii)) 



What we want to prove is equivalent to proving that the morphism A^'-0 : ©i(A^'(7r-'^''-i^*) o tt^)) above 
induces a nonzero morphism between the vector spaces of invariants: 

Let us take the Sfe-invariant element € A'^\V <S) Rk) considered in point 1. We know that the images 
uJi^i = prj o A^'?/'(a;') are nonzero. Therefore A^'^/'(a;') = {uJij)i is a nonzero element; since is S^- 
invariant and A^'^/; is 6fc-equivariant, the element A^''!/'((a;') is necessarily Sfe-invariant. Since we proved 
that it is nonzero, we are done. 

4. It follows immediately from point 3 by taking duals. □ 

Corollary C.7. If codimY — 2 the &i-equivariant s/iea/ Tor|^(Ly) has non zero &i-invariants if and 
only if q — 2h, < h < I ~ 1: in this case: 

C.2. Action on a mixed multitor. We pass now to the general case of permutation of factors in a 
mixed multitor. 



Remark C.8. Let ^o, . . . , Sh a partition of {1, ... , 1} and let L, Ei, i — 1, . . . ,h locally free sheaves on 

q 



the algebraic variety X. By lemma ICTSl the mixed multitor Tor^"' "''^'' (Ly , . . . , Eh), can be naturally 



identified to: 



(Ly-.Ei, 



,Eh) 



\E' 



With natural identification we precisely mean the following. As in notation lC.li indicate with Fj := Ly 
if j G So and Fj := Ei if j G Si. We can work locally. Denote with K* a locally free resolution of the 
sheaves Fj, for all j = 1, . . . , Z; if j G 5*0 we can take K' to be the Koszul resolution Ky ® £ of Ly, 

otherwise, for j E Si, i 0, take K* to be the complex >- Ei 0. In these notations the multitor 

Tor^°''''^''(Ly, . . . ,Eh) is by definition Let now E &i the unique permutation of 
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{!,...,?} such that 9{Si) < 9{Sj), if i < j, and 9\g : Si >- 9{Si) is increasing. The identification 

1(5*0, • ■ • J Sh) is then given by the composition: 

; _ / h h 



j=l j = l 1=0 j£Si iGSo 



since the functor — (g) (S'i=i is exact, because are locahy free, and by lemma [C73l 

The foUowing lemma is now immediate. 

Lemma C.9. Let r e &i. For i — 0, . . . , /i, let (Ti{T) be the unique increasing bijection (Ti(T) : 

T{Si) >■ Si; let Pi{T) be the permutation (3i{T) :— cri(T) ° of Si, seen in S|5.|. Let moreover 

a(r) be the automorphism of A'^{Ny/x P\Sa\) gi'>^£i^ by the action of (3o(t). Then the following diagram 
commutes: 

Tor^o.-.'^iLy, Si, ... , E,) ^^So,...,S,) ^ ^^^^^^ ^ ^ ^ 

1=1 

a(T)®/3o(T)®0tift(T) 
1=1 

where (3q{t), (3i{T) act onLy''^"', iJ®''^'!^ respectively, by permutation of factors. 
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